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ABSTRACT 


By use of a modification of the photographic method described by Claus the 
authors have compared the intensities of x-rays of wave-length 0.43A diffusely scat- 
tered from sylvine at angles in the range 25° to 90° at a temperature of 90°K with the 
intensities at these same angles at a temperature of 300°K. Jauncey and Harvey have 
shown that the intensity of the diffusely scattered rays should be given by S=.S’ 
—F*/Z, where S’ is independent of the temperature and F is the atomic structure 
factor containing the effect of thermal agitation. With James and Brindley's F values 
at 90°K and 300°K theoretical values of S for 90°K have been calculated. The experi- 
mental S values at 90°K are lower than the theoretical S values. This result is in ac- 
cord with that found by Claus for rocksalt. Plotting log (S’ —S,)/(S’ —S2), where the 
subscripts refer to the two temperatures, against (sin*¢/2) /* a straight line is obtained 
whose slope agrees with that required by the Waller and not the Debye formula for 
the temperature effect. It is impossible by means of this experiment to show whether or 
not there is zero point energy. In order to do this an assumption concerning the elec- 
tron distribution in the atom must be made. 


I. INTRODUCTION 


OMPTON! has shown theoretically that the intensity of x-rays diffusely 
scattered by a monatomic gas is given by 


(1) 


where S is the scattering per electron in terms of the Thomson? value in the 
same direction, Z the atomic number of the gas and f’ an average atomic 
structure factor for the atom at rest. The difference between f, the true a- 
tomic structure factor, and f’ has been discussed by Jauncey® and Herzog.‘ 
Jauncey and Harvey®* have subsequently shown theoretically that the in- 


* The senior author has been aided in this research by a grant from the Washington Uni- 
versity Science Research Fund. 

1 A. H. Compton, Phys. Rev. 35, 925 (1930). 

2 J. J. Thomson, Conduction of Electricity through Gases, 2nd Edition, p. 325. 

’ G. E. M. Jauncey, Phys. Rev. 38, 1 (1931). 

‘ G. Herzog, Zeits. f. Physik 69, 207 (1931). 

5 G. E. M. Jauncey, Phys. Rev. 37, 1193 (1931). 

6 G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 37, 1203 (1931). 
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tensity of the diffuse scattering from simple cubic crystals consisting of atoms 
of one kind is given by 
(2) 

where F is the atomic structure factor, including the effect of thermal agita- 
tion, as obtained from crystal reflection. Independently Woo’ has obtained 
the formula 

1— f?-F 

(1 + @ vers @)' Z 

where a=h/ mcd and ¢ is the angle of scattering. Woo’s formula reduces to 
ours for small values of a. In Eq. (2) f’ and Z are independent of the tempera- 
ture while F for sylvine is a function of the temperature as found by James 
and Brindley.* Hence S should be a function of the temperature. With rock- 
salt Claus’ has shown that at low temperatures the values of S are below 
their corresponding values at room temperature. However, the values of S 
found by Claus at low temperature did not agree with the values calculated 
from the room temperature values of S and James and Firth’s values!® of F 
at room and liquid air temperatures. It was thought that this disagreement 
might be due to the fact that Eq. (2) is valid only for simple cubic crystals 
consisting of atoms of one kind whereas rocksalt consists of atoms of two 
kinds. It was suggested that the diffuse scattering from sylvine, which may 
be considered as consisting of atoms of one kind, should be measured at low 
temperatures. Accordingly this research was undertaken to determine the in- 
tensity of diffuse scattering of x-rays from sylvine at low temperatures. 


(3) 


II. oF EXPERIMENT 


A photographic method similar to that described by Claus® was used. 
However, instead of scattering the x-rays from the front face of a thick crys- 
tal, as done by Claus, we have caused a beam of x-rays to penetrate through 
a thin sliver of crystal and have measured the photographic effect of the dif- 
fusely scattered x-rays which penetrate through the crystal. The arrangement 
is shown in Fig. 1. The crystal was enclosed in a thick copper cylinder, the 
lower portion of which dipped into a Dewar flask which could be filled with 
liquid air at will. This flask was itself enclosed in an outer case which sits on 
the table of a Bragg ionization spectrometer and which is of double-walled 
brass packed with asbestos between the walls as is shown in Fig. 2 of Claus’ 
paper.’ The rays entered the cavity in the copper cylinder through a thin 
mica window and the scattered rays emerged through a similar window. The 
scattered rays passed through wide windows both in the copper cylinder and 
outer brass case, so that with one exposure the diffuse scattering over a large 
range of angles could be obtained. This procedure was suggested to the au- 
thors by Dr. Claus. The outer window was covered ‘with thin mica. Around 
the boundary of the window was placed a heating coil in order to prevent 


TY. H. Woo, Phys. Rev. 38, 6 (1931). 

* R. W. James and G. W. Brindley, Proc. Roy. Soc. A121, 155,(1928). 
® W. D. Claus, Phys. Rev. 38, 604 (1931). 

10 R. W. James and Elsie M. Firth, Proc. Roy. Soc. A117, 62.(1928). 
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moisture from being deposited on the window. There was no tendency for 
moisture to collect upon the mica windows of the copper cylinder because 
these windows were continually bathed in a draft of dry air rising from the 
reservoir of liquid air. In order to produce fiducial marks upon the developed 
film lead strips were placed vertically across the window in the outer casing 
at known angles. 

Following the method developed by Claus® exposures of 1, 2, and 3 hours 
were run at room temperature; then liquid air was poured into the Dewar 
flask and after the sylvine crystal had come to an equilibrium temperature 
(90°K) as registered by a copper-iron thermocouple an exposure of 4 hours 
was run; during this exposure the level of the liquid air in the Dewar flask was 
kept constant as described by Claus.® Next, the liquid air was allowed to 
evaporate off and the crystal to come to room temperature after which a set 


Cu cylinder 


mica crystal 
window 


photographic 
plate 


Fig. 1. Diagram of apparatus. 


of 3, 2 and 1 hour exposures was run. All seven exposures were obtained on the 
same film. The film was then developed and run through a microphotometer 
and the relative intensities of the diffuse scattering at room temperature 
(300°K) and 90°K obtained for scattering angles between 25° and 90°. 

The wave-length was obtained by measuring the absorption in aluminum 
of the scattered beam. This was done photographically and the wave-length 
could be obtained at all angles on the same film. However, the absorption 
coefficient was found not to vary in any definite way with the angle within 
the limits of measurement possible and so the mean value for several angles 
was used. This corresponds to a wave-length of 0.43A which we take to be the 
average wave-length. 

TaBLe I. 


Intensity at 90°K 
at 300°K 


x= 
(sin ¢/2)/d 


> 


0.503 
0.603 
0.700 
0.795 
0.880 
0.985 
1.075 
1.162 
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A 7. S300°K Exp. Th. 
0. 96 
0. .87 
0. .79 
0. .74 
0. 
0. .75 
0. ae 
0. .70 
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III. EXPERIMENTAL RESULTS 


Three separate runs were made for three settings of the crystal angle 6 
(see Fig. 1) and three films were obtained. The results of the photometric 
measurements of these films are shown in columns A, B and C of Table I, the 
average value being shown in the fifth column. 


IV. COMPARISON WITH THEORY 


In the sixth column of Table I are shown the S values for sylvine at room 
temperature as obtained by Harvey." In the seventh column are shown the 
S values at 90°K obtained by multiplying Harvey’s experimental S values 
for room temperature by the respective ratios shown in column five. Wollan™ 


! 
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Fig. 2. Curves A and B show experimental S values for sylvine at room and liquid air 
temperatures. Curve C shows theoretical values at liquid air temperature. 


and Harvey" have respectively shown that the experimental S values for ar- 
gon and sylvine give f’ values which are identical when calculated from Eqs. 
(1) and (2). Since the S values for a monatomic gas cannot vary with the 
temperature and since the f’ values for sylvine are equal to those for argon, 
the f’ values for sylvine are independent of the temperature. Jauncey and 
Harvey" have recently discussed this and have shown the experimental rela- 
tion 
Seas (S + F?/Z) crystal - (4) 
We may rewrite the equation for a crystal in the form 
S=S'-—FY/Z (5) 


1G, G. Harvey, Phys. Rev. 38, 593 (1931). 
2 E.O. Wollan, Phys. Rev. 37, 862 (1931). 
13 G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 38, 1071 (1931). 
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where S’=1+(Z—1) f’/Z? is the S value for the atoms of sylvine when in 
the gaseous form. S’ is independent of the temperature and so S varies with 
the temperature in virtue of the variation of F with the temperature. James 
and Bridley® have obtained F values for sylvine at liquid air temperature and 
from these F values the theoretical S values shown in the eighth column of 
Table I have been obtained. It is immediately seen that the experimental 
S values are all lower than the theoretical S values. The disagreement be- 
tween the S values shown in columns seven and eight of Table I may be due 
to experimental error in the average ratios shown in column five or it may be 
due to experimental error in James and Brindley’s F values at liquid air tem- 
perature or the disagreement may be real. The authors are at present un- 
willing to decide among these various possibilities. However, this disagree- 
ment in the case of sylvine is in accord with the disagreement found by Claus® 
for rocksalt. The experimental S values for sylvine at room and liquid air 
temperatures are shown as curves A and B in Fig. 2. The theoretical values at 
liquid air temperature are shown as curve C in this figure. 

The experimental S curve for room temperature contains a hump at x= 
0.45 and a suspicion of a hump at x=1.25. The theoretical curve at 90°K- 
definitely has two humps. Our experimental curve at 90°K has humps at 
x =0.40 and x = 1.15 so that although there is disagreement between the abso- 
lute values of the ordinates of the theoretical and experimental S curves for 
90°K, yet the two curves do have the same general shape. 

Eq. (5) may be written 


S’-S=FY/Z (6) 
and assuming Debye’s formula" for the temperature effect we have 
Fe? = (7) 
where 6h? (2) 4/2 
sin? ¢ 
(8) 
Omk 2 
h? 1 2 9/2 
6 ® i 
Omk  z 4 


Eq. (8) holds for the absence and Eq. (9) for the presence of zero point energy. 
In these equations @ is the characteristic temperature of the crystal as occurs 
in the Debye theory of specific heats, s=@/T, ®(z) =1/2f?(ydy/ey—1), @ is 
the scattering angle and the other quantities have their usual significance. 
We shall write 
6h? sin? ¢/2 
Omk 


where x =(sing@/2)/A. According to Waller'® M in Eq. (7) should be replaced 
by 2M. Hence, if the value of x is kept constant and the temperature varied, 


—S « or (11) 


4 P. Debye, Ann. d. Physik 43, 49 (1914). 
6 T, Waller, Zeits. f. Physik 17, 398 (1923). 
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according as to which formula is used. The value of S and the value of B de- 
pend upon the temperature so that if S; and B, are the values of S and B re- 
spectively at temperature 7; and S; and B; the values at 7, we have 

log = (By B,)x* or B,)x? (12) 
so that if log (S’—S,)/(S’—S:) is plotted against x* a straight line should be 
obtained whose slope is either (B,—B,) or 2(B.—B,) according as the Debye 
or Waller formula is correct. For the range of temperatures used in our ex- 
periment these values are 1.15 and 2.30 respectively. It is important to note 
in Eq. (12) that because only the difference (B,—;) is involved this method 
tells us nothing regarding the presence or absence of zero point energy. Plot- 


slope = 2.21 
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Fig. 3. Plot of experimental values. 


ting our experimental values we obtain the curve as shown in Fig. 3. It is 
seen that between x=0.5 and x =0.8 the curve is a straight line whose slope 
is 2.21. For values of x beyond 0.8 no reliance can be placed on the points 
since the ordinate depends on the ratio of two differences each of which is 
subject to considerable uncertainty due to the fact that S’ approaches S for 
large values of x. This explains why the last two points in Fig. 3 do not fall 
on the curve. It might be objected that this slope depends somewhat on the 
wave-length which we have assumed and also upon the correctness of the 
angle of scattering. Actually, of course, the wave-length and scattering angle 
are averages. We therefore supposed a possible variation of +2° in the scat- 
tering angle and +0.02A in the wave-length. We then constructed nine dif- 
ferent curves similar to Fig. 3 and obtained nine different values of the slope. 
With the exception of one value all the slopes came out between 2.00 and 2.35. 
We therefore feel considerable confidence in our value of 2.21 which is dis- 
tinctly in agreement with Waller’s value of 2.30 and not with Debye’s value. 
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Eq. (6) may be written. 

Z(S’ — S) = (13) 
where K = (3h?/20mk) is due to zero point energy and is independent of the 
temperature. The slope of the curve in Fig. 3 shows that B has the Waller 
value but indicates nothing as regards the existence or non-existence of zero 
point energy. In Eq. (13) both f and e~**" are independent of the temperature 
but are functions of x. Information concerning K can be obtained only if an 
assumption is made concerning the values of f. Three possibilities have been 
considered. First, if a model of the atom of argon is assumed, values of the 
true atomic structure factor, or f values, can be calculated for this model. If 
these values are substituted in the values of the product above mentioned the 
value of K can be determined. Second, we may assume that f is equal to f’, 
as is done by Compton! and Wollan™. Third, we may assume zero point en- 
ergy according to the Waller theory’ and calculate f values. All of these 
methods require a high degree of accuracy in the experimental values. In- 
stead of attempting to perform these calculations we have preferred to take 
the values of S at 300°K and 90°K together with F values at 300°K and from 
these to calculate F values at 90°K from the relation 


Z(S300° — Soo°) = — F? 300°. (14) 
The values so calculated are shown in the second column of Table II. James 
and Brindley’s values are shown in column three for comparison. 


IT. 


Fyo0°x 
Jand H Jand B Jand H J and B 


0.503 6.71 d 0.880 3.79 2.95 
0.603 5.76 d 0.985 3.79 2.35 
0.700 5.01 . 1.075 2.91 1.94 
0.795 4.42 ‘ 1.162 2.30 1.54 


James and Brindley's F values for sylvine at room temperature fitted our 
theory most excellently because when combined with Harvey's S values"! for 
sylvine at room temperature the resulting f’ values agree remarkably well 
with Wollan’s f’ values for argon." It seems peculiar that James and Brind- 
ley’s F values for sylvine at liquid air temperature when combined with the 
results of this present paper do not fit the theory so well. 


V. CONCLUSION 

We have shown that the diffuse scattering of x-rays from sylvine de- 
creases with decrease of temperature. For temperatures of 300°K and 90°K 
the decrease is a function of x such that it supports Waller's formula’ as op- 
posed to Debye’s formula" for the temperature effect. However, the decrease 
is greater than that required by the theory of Jauncey and Harvey’ for the 
diffuse scattering from crystals if the F values of James and Brindley’® at 
liquid air temperature are used. It is suggested that more work is needed on 
the effect of temperature both on the diffuse scattering and regular reflection 
from crystals before more definite conclusions can be drawn. 
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ABSTRACT 


A crystal spectrograph for measuring absorption coefficients of soft x-rays in 
gases has been constructed, and with it absorption coefficients of air, argon and oxygen 
have been measured for spectral lines of wave-lengths 1.537, 2.284, 4.145 and 6.973A. 
Absorption coefficients in the regions immediately adjacent to the K absorption limit 
of argon have been measured with general radiation. No departure from the ordinary 
absorption law greater than experimental error was found in these regions. The mag- 
nitude of the K absorption discontinuity of argon was measured by a method which is 
not dependent upon the extrapolation of curves to the absorption limit, and also by a 
method which is independent of the absolute magnitude of the absorption coefficients 
on either side of the absorption limit. 


OT many measurements of absorption coefficients in the range of wave- 

lengths from 1.5 to 10A have been made. Growther! has reported ab- 
sorption coefficients of a few gases for the copper Ka line. Woernle? has made 
absorption measurements for several gases over a range of wave-lengths from 
2.287 to 9.868A. Jongson® has done quite extensive work in measuring ab- 
sorption coefficients for metals in the same wave-length region. Jonnson used 
a photographic method. Crowther and Woernle used ionization methods. 
Dershem and Schein,‘ with the aid of a ruled grating, have used the photo- 
graphic method to measure absorption coefficients for the Ka line of carbon 
in various gases. It was thought desirable to extend this method to the region 
in which crystals could be used with the view of making possible the investi- 
gation of absorption discontinuities. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The apparatus was designed so as to have a very small volume and a high 
resolving power. The distance from the crystal to the plate holder is about 
59 cm. Although expensive gases have not been used, the small volume of the 
spectrograph and the long path of the x-ray beam would make it possible to 
work with them with a minimum expense. The high resolving power of the 
instrument makes it possible to distinguish between adjacent wave-lengths 
with good accuracy and to work in regions very close to an absorption limit. 
Figure 1 is a schematic diagram of the spectrograph, including a top view and 
a side view. The copper tubes A and B, the cylinder C, and the photographic 

1 Crowther, Phil. Mag. 10, 329 (1930). 

* Woernle, Ann. d. Physik 5, 475 (1930). 


* Jongison, Dissertation, Uppsala, 1928. 
* Dershem and Schein, Phys. Rev. 37, 1238 (1931). 
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plate holder D form a gas tight compartment. C contains a crystal mounting 
attached to a divided circle. The brass plate which covers it can be removed 
for the purpose of adjusting the crystal. 14; and M; are electromagnets which 
are screwed into the walls of the plate holder. They are screwed into the walls 
far enough to make good magnetic contact with the inside, but enough wall 
is left to make the plate holder gas tight. M2 operates a mechanism, contained 
inside the plate holder but not shown in the diagram, which drives the slide 
q back and forth. Thus S; which is a wide slit can be opened or closed at any 
time. The magnet J/; operates a mechanism which pulls the plate p past the 
slit Ss. Every time that 1/4, is energized p moves a definite distance. The dis- 
tances /; and /. are equal, so that Bragg focusing is obtained. 


A B 


To seuss 


To pumps 


= 


Fig. 1. Diagram of apparatus. 


The tube B is fastened to the cylinder C by means of a piece of silphon 
tubing. The silphon tubing bends enough to permit the plate holder to be 
turned through an angle of eighteen degrees without rotating C. C is fastened 
to the plate E by means of twenty screws equally spaced around its circum- 
ference. It can thus be turned in steps of eighteen degrees, so that the plate 
holder can be set at any desired angle. Several faces are milled on the side of 
C as indicated in the diagram. Each face subtends an angle of eighteen de- 
grees at the center of C. A wide slit is cut through each face. One end of the 
tube A is soldered to a small plate which can be screwed on to any one of 
these faces. The remaining faces are covered with interchangeable blanks. 
When one wishes to rotate C the tube A is simply attached to a different face. 


j 
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F is an accurately divided circle which is rigidly attached to the arm which 
carries the plate holder. It is fitted with two verniers 2 and vs. S; and Ss are 
two slits of suitable width for collimating the x-ray beam. S, is covered with 
a thin celluloid window which separates the x-ray tube from the spectrograph. 
All metal joints in the spectrograph were either soldered or sealed with sul- 
phur-free rubber. A metal x-ray tube designed by Dershem! was used. 

The spectrograph was pumped out to a pressure of less than 10-5 cm of 
mercury and the photographic plate was exposed to the radiation for a cer- 
tain interval. The plate was then moved to a new position by energizing the 
magnet .1/; and exposed for a longer interval. In this way four or five lines 
of increasing density were obtained on the plate. Sufficient gas to absorb be- 
tween one half and three fourths of the x-ray energy was then admitted into 
the spectrograph. Several lines of different times of exposure were then ob- 
tained with the x-ray beam passing through the gas. A plate thus obtained 
yields sufficient data, when photometered, to determine the ratio J)/J, where 
Io is the intensity of the x-ray beam before absorption and J its intensity after 
absorption. 

From the absorption law J = Joe~** and the gas law P,V./7,=PV/T one 
obtains the following expression for the mass absorption coefficient: 

p psx PT, I 
where yp is the mass absorption coefficient, x the length of path, P the pres- 
sure of the gas, 7 its temperature, p its density and the subscript s refers to 
standard conditions of temperature and pressure. 

I,/I was found by photometering the plate. The instrument used was a 
photoelectric photometer designed by Dershem. A detailed description of this 
instrument will appear soon in the Review of Scientific Instruments. In this 
photometer a beam of light is allowed to pass through the plate, through a 
fine slit, and then impinge upon a photoelectric cell. The cell is connected to 
a string electrometer. To obtain the relative densities of a number of lines 
one merely finds the time necessary for the string of the electrometer to pass 
a certain number of divisions on its scale when the light is passing through 
the line and the time necessary for the string to pass the same number of di- 
visions when the light is passing through the plate adjacent to the line. The 
difference between these two times, (photometer time), gives a number which 
represents the relative density of the line. A graph in which photometer time 
is plotted against exposure time is made for the lines that were obtained when 
the spectrograph was evacuated. From this graph and the number which 
represents the relative density of one of the absorption lines one can find the 
time of exposure which would have been necessary to produce the same den- 
sity of the line if the absorbing gas had not been present. From the recipro- 
city law the ratio of the time of exposure when the x-ray beam is passing 
through the absorber to the time necessary to produce the same density when 
the beam is passing through a vacuum is equal to Jo/T. 


5 Dershem, J.0.S.A. 18, 127 (1929). 
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Eastman x-ray plates were used. Care was taken to obtain uniform de- 
velopment over the entire plate, and overdevelopment, which would have 
produced chemical fog, was avoided. 

The gases were dried by passing them through a liquid air trap before they 
entered the spectrograph. The oxygen used contained less than 0.4 percent of 
impurities most of which was nitrogen. The argon used contained less than 
0.1 percent of impurities. 

RESULTS 

Absorption measurements were made for air, oxygen, and argon for four 
spectral lines of wave-lengths 1.537, 2.284, 4.145, and 6.973A. By use of gen- 
eral radiation, absorption coefficients were measured in the regions immedi- 
ately adjacent to the argon absorption limit for the purpose of determining 
whether or not there was any anomalous absorption in these regions. The 
wave-lengths of general radiation given in Table I are extrapolated from the 
argon absorption limit assuming that it occurs at 3.8657A. This value was 


TABLE I. Mass absorption coefficients in air, oxygen and argon. 


Spectral Wave- Author W or C* 
line length 
Cuk 
Crk 


Author WorC Author 


9.54 9 .49C 11.1C 112. 
29.3 31.8W 3S. 36.4W 344. 
1320. 
1465. 
147. 
151. 
68. 163.4W 21. 22.W 171. 174.W 
747. 740.W 971. 76.W 762. 748.W 


AgL 
WM 


* The values marked C are values published by Crowther, and those marked W are values 
published by Woernle. 


taken from a table given in Compton's ‘X-rays and Electrons’. Absorption 
coefficients were measured for wave-lengths within 0.002A of the absorption 
limit on each side of it. Table I gives the values obtained for both spectral 
lines and general radiation, and compares them where the wave-lengths are 
the same with values obtained by Crowther and Woernle. 

In working with general radiation care was taken to keep the voltage low 
enough so that second or higher order radiation was not excited. The times 
of exposure varied from one to five hours. Consequently, ten to fifteen hours 
were required to obtain a plate. 

The magnitude, 4, of the K absorption discontinuity of argon, where 6 is 
defined as the ratio of w/p on the short wave-length side, (the scattering 
coefficient in this region is small enough to be neglected), to w/p on the long 
wave-length side of the absorption limit, can be determined by simply di- 
viding uw /p for \ = 3.8637 by w/p for \ = 3.8677. This gives the value 6 =9.96. 

It was also found to be possible to evaluate 6 by a method which is inde- 
pendent of the absolute magnitude of «/p on either side of the absorption 
limit. If on the same plate one measures J)/J on each side of the absorption 
limit he obtains from the definition of 6 and Eq. (1) 


Wor C 
16 
637 
677 
46 
73 
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log (Io/I)x 
log 


where K refers to the short and L to the long wave-length side of the absorp- 
tion limit. This can easily be done if a band of general radiation is reflected 
from the crystal so that the absorption limit falls approximately in the middle 
of it. The average value of 6 found by this method is 10. 

Figure 2 is a reproduction of one of the plates. The first two images were 
obtained when the x-ray beam was passing through a vacuum, and the third 
shows the K absorption limit of argon. 


Fig. 2. 


DISCUSSION OF ERRORS AND RESULTS 


The quantities which were measured and used to determine absorption 
coefficients are the temperature of the gas, its pressure, and the ratio J)/J. 


The temperature could easily be measured with an accuracy which would 
make negligible any error which it might cause. The McLeod gauges were so 
designed and calibrated that the measurements of the pressure were less than 
one half percent in error. Most of the error is thus due to measuring J)/J. The 
more important factors which contribute to the error in its measurements, 
such as variation in intensity of the x-ray beam, irregularities in the emulsion 
on the photographic plate, irregularities in development, etc., introduce only 
random errors and should be minimized by repeated measurements. Small 
consistent errors might be introduced by lack of homogeneity of the x-rays 
and inaccuracy of the reciprocity law. But, under the conditions of the ex- 
periment such errors are probably negligible. Each plate gives several values 
of Io/Z and each absorption coefficient given in the table is the average of 
three or more plates. The probable error in most cases is less than two percent. 

It is found that equations of the type u/p = Cd* can be made to fit the data 
within experimental error. C and x are constant for a given substance over a 
range that does not contain an absorption discontinuity. If log \ is plotted 
against log u/p, the following equations are found from the slopes and the in- 
tercepts of the respective lines: 


u/p = 33.9d?-79 for argon < Ax (2) 
u/p = 3.39d?-7 for argon Ay <A < Az (3) 
u/p = 3.39d?-*! for oxygen. (4) 
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From Fig. 3 one can see that there is no anomalous absorption greater 
than experimental error in the regions near the argon absorption limit. Eqs. 
(2) and (3) are valid at least to within 0.002A of the absorption limit. 


Oxy gen +Air 


Log A- 
0.50 
Fig. 3. 


It is a pleasure to acknowledge the valuable suggestions received from 
various members of the staff of the department of physics of the University 
of Chicago. I am especially indebted to Professor A. H. Compton and Dr. 


Elmer Dershem who suggested the problem and cooperated in directing the 
work. 


| 

2.30 

a 

° 

0.80 i 


DECEMBER 1, 1931 PHYSICAL REVIEW VOLUME 28 


LATERAL SPACE DISTRIBUTION OF X-RAY PHOTOELECTRONS 
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ABSTRACT 


The lateral distribution in space of the directions of emission of photoelectrons 
ejected from argon atoms by partially polarized x-rays having the mean wave-length 
0.53A was determined by examination of photographs of 2008 condensation tracks 
produced in a C. T. R. Wilson expansion apparatus. Discarding by a definite analyt- 
ical procedure the isotropically distributed emissions, which are ascribed to unpolar- 
ized radiation, the distribution of the remaining 752 tracks is found to be in excellent 
agreement with the indications of quantum mechanics that (for AK electrons) the 
probability of emission is proportional to the square of the cosine of the angle between 
the electric vector of the absorbed radiation and the projection of the direction of emis- 
sion upon a plane normal to the direction of incidence. 


HE longitudinal distribution of the directions of emission of photoelec- 

trons ejected by x-rays from the atoms of a gas has been the subject of 
many experimental investigations. The lateral distribution, that is, the dis- 
tribution referred to a plane perpendicular to the direction of incidence of the 
radiation, although it has often been treated by theorists, has received the 
direct attention of only two experimenters. 

The general form of the experimental distribution was discovered by 
Bubb,! who, following C. T. R. Wilson’s? qualitative observation on the sub- 
ject, disclosed the existence of the two very pronounced emission maxima in 
the general directions of the electric vector. Bubb’s data, however, do not 
permit us to assign the precise functional representation without ambiguity. 
Auger and Perrin® considered that Bubb’s data were in fairly satisfactory 
agreement with their own prediction that the probability of emission would 
be found proportional to the square of the cosine of the angle between the 
electric vector of the absorbed radiation and the projection of the direction 
of emission upon a plane normal to the direction of incidence. Kirchner‘ crit- 
icized this statement and showed that a better, though still approximate, fit 
might be obtained by increasing the exponent of the cosine to at least three. 
Upon studying several hundred tracks produced and photographed in his own 
laboratory Kirchner first considered the evidence to favor a cos* or cos‘ dis- 
tribution, but revised this conclusion later, after a penetrating study of the 
errors of the experiment, concluding that his data supported the cos* hypothe- 
sis as well as any other. The discrepancies in this case, however, were stated 
to be somewhat larger than the average errors of experiment. It thus appears 


1F, W. Bubb, Phys. Rev. 23, 137 (1924). 

2C. T. R. Wilson, Roy. Soc. Proc. A104, 11 (1923). 

3 P, Auger and F. Perrin, Jour. d. Physique 8, 93 (1927). 

‘ F, Kirchner, Phys. Zeits. 27, 799 (1926); Ann. d. Physik 83, 521 (1927). 
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chat the observations, to date, do not furnish decisive tests of the theoretically 
predicted distributions. 

The lateral distribution is necessarily isotropic for unpolarized x-rays, and 
any observed lateral distribution will be a function of the degree of polariza- 
tion of the radiation employed. It was the desire to use this relationship in 
the measurement of the polarization of faint x-radiations which prompted the 
studies embodied in the present paper, in which an attempt has been made 
to place our knowledge of this distribution upon a broader experimental basis. 

Data were obtained by the expansion method of C. T. R. Wilson.’ The 
expansion equipment followed rather closely the plans originated by Wilson 
about twenty years ago, substantially the original design being adopted, after 
several futile attempts at improvement. X-rays were produced by a Universal 
Coolidge tube, operated at constant potentials of the order of 30 kv. The 
x-rays from the tube impinged upon a crystal so adjusted as to select and re- 
flect to the expansion chamber a narrow band of general radiation from the 
highly polarized portion of the continuous spectrum near the short wave- 
length limit. The mean wave-length thus employed was 0.53A. 

The large number of tracks required were photographed upon panchro- 
matic motion picture film by means of a Leitz Leica camera with its lens 
mounted far enough forward to produce approximately natural-sized images. 
The camera was mounted on the opposite side of the expansion chamber from 
the x-ray source, and the axis of its lens coincided with the extension of the 
axis of the entrant beam. A window of plane parallel lead glass in the side 
wall of the expansion chamber facilitated the photography of the tracks, 
while preventing the x-ray beam from proceeding through the chamber and 
entering the camera. The expansion chamber was filled with argon gas, stated 
to be 95 percent pure. 

Probably the chief novelty in the matter of technique was the illumination 
of the tracks for photography by an ordinary incandescent bulb. For this pur- 
pose a 1000 watt projection bulb and reflector were mounted about two feet 
above the glass top of the expansion chamber. The light passed successively 
through a condensing lens, a water cell, a simple shutter and the chamber top. 
The lamp was operated at about 140 percent of its normal voltage and was 
automatically turned on for about a second at each photographic exposure. 
Overloading the lamp in this way increased its photographic efficiency very 
greatly, yet the lamp remained apparently uninjured after the completion of 
over 1500 exposures. The shutter above the expansion chamber was auto- 
matically opened, admitting light to the chamber, immediately after the ex- 
pansion, and the camera shutter was then electrically operated, allowing an 
exposure of 1/20 second. The illumination was sufficient to permit stopping 
the camera lens to f/9. This simple and convenient method of illumination 
was suggested by Mr. Arne Wikstrom, who also assisted in its development, 
contributing freely of his interest and time to the investigation. 

The x-ray tube was inclined at 45° to the horizontal to avoid a conceivably 


5 C. T. R. Wilson, Roy. Soc. Proc. A85, 285 (1911): Roy. Soc. Proc. A87, 277 (1912). 
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undesirable coincidence of the axis of polarization with any of the obvious 
geometrical dimensions of the expansion chamber. Many hundreds of suc- 
cessful exposures were examined and the directions of the initial portions of 
2008 tracks were measured directly upon the films by the use of a special 
protractor. These 2008 tracks included all photoelectron tracks which were 
sharply focused and adequately illuminated and which possessed clearly 
marked origins within that part of the film which corresponded to the known 
locus of the x-ray beam. 

The integral curve of these tracks is plotted in Fig. 1, where the abscissas 
represent 6, the angle on the film from the line containing the directions of 
minimum emission. This line is normal to the plane of the predominant elec- 
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Fig. 1. Integral curve representing lateral space distribution of photoelectrons ejected by 
partially polarized x-rays. 


tric vector of the x-ray beam. All four equivalent quadrants have been com- 
bined into one in constructing this curve. The meaning of the integral curve 
is made clear by the statement that any circled point along this curve indi- 
cates that the number of tracks denoted by its ordinate was found to have 
initial directions deviating from the direction of minimum emission by an 
angle not greater than that specified by the abscissa. The steep rise of this 
curve toward the right end indicates the concentration of emissions about 
the direction of the predominant electric vector. 

Since nearly all theories of the photoelectric effect for plane-polarized 
x-rays have agreed in predicting a probability of emission varying as the 
square of the cosine of the angle between the electric vector of the absorbed 
radiation and the projection of the direction of emission upon a plane normal 
to the direction of incidence it is logical to proceed at once to a test of this 
hypothesis, rather than to attempt the general problem of determining, with- 
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out preconception, the equation of the curve which best fits the experimental 
points of Fig. 1. A curve through these points may be regarded as the sum of 
the integral curves of the isotropic and the anisotropic electron distributions. 
The former, chiefly caused by unpolarized x-rays, is the straight line de- 
picted, whose equation is »=k6é, while the latter, upon the basis of the cos? 
hypothesis, may be shown to be represented by the equation n’=k’(é—sin 6 
cos 6). In these equations m and n’ are the numbers of tracks involved, k and 
k’ are constants. It may be noted that 5, previously defined, is the comple- 
ment of the angle involved wherever the expression “cos?” has been used. 
The slope of the straight line »=6 is found as follows. An integration 
shows that the area inclosed between the curve of Fig. 1 and its chord is 
4/zx* times the triangular area of which the chord and the line » =ké form two 
sides. Therefore if the former area be planimetered the straight line of the 
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Fig. 2. Integral curve reprresenting lateral space distribution of photoelectrons ejected by 
completely polarized x-rays. 


isotropic integral curve may be inserted in an entirely definite manner, sub- 
ject always to the validity of the cos? hypothesis. 

The tracks representing unpolarized radiations may now be discarded and 
the remaining 752 tracks replotted as in Fig. 2, where the ordinates of the 
circled points are those of Fig. 1 diminished by the corresponding ordinates 
of the unpolarized integral curve. The solid curve of Fig. 2 is a plot of the 
theoretical equation n’ =k’(5—sin 6 cos 6). The very close agreement between 
the curve and the experimental points appears fully to substantiate the cos? 
distribution assumed. For most of the points the fit may be considered per- 
fect. The slight discrepancy between fifty and seventy degrees, while un- 
explained, is not regarded as significant. 

Recent quantum mechanical theories are in general agreement with 
earlier treatments of this subject in their prediction of a cos* lateral distribu- 
tion. A. Sommerfeld and G. Schur’ find precisely this relation for the K photo- 


6 A. Sommerfeld and G. Schur, Ann. d. Physik 4, 409 (1930). 
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electrons, while for the Z photoelectrons Schur’ shows the probability of ejec- 
tion to be proportional to Asin?6+B, where A and B are constants depending 
upon the frequency of the incident radiation and the binding energy of the 
electron. Though no detectable effects of the Z distribution as distinct from 
the K would be expected in the present data because of the minute difference 
between these distributions, as calculated from Schur’s equations, and also 
because of the relatively small number of Z photoelectrons, it is nevertheless 
worth pointing out that in any case the method adopted above could not 
make this distinction, since the isotropic part of the Z distribution is indistin- 
guishable from the unpolarized distribution. Indeed, neither these experi- 
ments nor any others to date are capable of logically ruling out the possibility 
that the lateral K electron distribution may have also an isotropic portion, 
though no theoretical reasons for supposing this to be the case have been 
advanced. 

The experimental work described above was performed in the Depart- 
ment of Physics at Cornell University. These lines are all too brief adequately 
to express their writer’s appreciation of the cordial hospitality of this depart- 
ment, and the generous interest and assistance of Professor F. Kk. Richtmyer. 


7G, Schur, Ann. d. Physik 4, 433 (1930). 
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ABSTRACT 


Many collisions, particularly those in which there is an exchange of electronic 
energy from one atom or molecule to another, involve interactions between the col- 
liding bodies, which (being treated as perturbations) are too large to be handled by the 
ordinary Born method. A method is given for the treatment of such problems. Two 
cases must be distinguished, that of good and that of poor resonance, resonance being 
good if the transition which takes place at the collision does not involve the transfer 
of much energy from internal energy to relative translational energy, or vice versa. The 
case of good resonance is handled by Dirac’s perturbation method (variation of con- 
stants), and the probability that a transition take place at a collision of given distance 
of closest approach found in terms of the perturbation (interaction) matrix component 
for that collision. In the case of poor resonance, we first assume the two atoms or 
molecules are held at a fixed distance from each other, and apply the perturbation due 
to the interaction between them constructing potential energy curves as a function of 
the distance, as if the whole system were a large molecule. We then allow the transla- 
tional motion to take place. This introduces further perturbations, which in the case 
of poor resonance are always small, so that relatively few transitions will occur. Since 
the amount of energy which we may have transferred from internal to translational, 
or vice versa, and still have the case of good resonance may be determined in special 
cases as a function of the distance of closest approach, we may tell in any special case 
how close the two molecules or atoms must come to each other in order for there to 
be a transition at the collision. Thus a radius of action can be found. In general it is 
concluded that if the transition is to take place with a large radius of action (com- 
pared with kinetic theory radii), then less energy can be transferred from internal to 
translational, or vice versa, than has hitherto been supposed. 


$1. INTRODUCTION 


ANY collision problems, particularly those in which the transition at 
collision involves the exchange of electronic energy from one atom or 
molecule to another, bring in interactions between the atoms or molecules, 
which (being treated as perturbations in a wave-mechanical perturbation 
theory) are so large that the ordinary Born method for handling such prob- 
lems breaks down.' The first attempt to treat a case of this kind was made by 
Kallmann and London.’ As their treatment was not entirely free from objec- 
tions, I made an attack on the problem in another way,’ as did also Zener,‘ 
but these attempts still leave much to be desired. 
It will be the object of this communication to describe a method which I 
believe may be made the basis for a satisfactory solution of the problem. I 
1 Kallmann and London, Zeits. f. Physik 60, 417 (1930). 
? Kallmann and London, Zeits. f. phys. Chem. 2B, 207 (1929). 


3 Rice, Proc. Nat. Acad. Sci. 17, 34 (1931). 
4 Zener, Phys. Rev. 38, 277 (1931). 
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have not as yet completed the application to any particular case, but certain 
conclusions of a rather general nature seem possible, and it appears desirable 
to describe the procedure in as simple and general a way as possible, without 
the encumbrance of the special notation necessary for a special problem. The 
results also have an application of general interest with respect to the ques- 
tion of distinguishing between adiabatic and nonadiabatic processes, which 
we will not enter into in detail, but which the reader may readily see for him- 
self. 


§2. STATEMENT OF THE PROBLEM 


We suppose that we have two molecules or atoms. Neglecting at first any 
interaction between them, the state of this pair of molecules or atoms may be 
designated by an eigenfunction Y which may be written in the form 


¥=XR (1) 


where R depends on r, the distance between the centers of gravity of the two 
molecules and X depends on all other coordinates, to be designated as the 
internal coordinates. We assume that there are two eigenfunctions Y which 
need to be considered, XY; and X». Taking the initial state of the system to be 
that designated by the subscript 1, we require the probability that on colli- 
sion it should go over (due to the action of the mutual attractions or repul- 
sions neglected in setting up (1)) to the state designated by subscript 2. 

The assumption that there are only these two states Y, and X» to be con- 
sidered constitutes the chief limitation on our method, because we know that, 
on account of the rotational degeneracy, it is always necessary to consider 
many states at a time.* Nevertheless I believe that the general character of 
the results will not be altered, though this must be investigated in the treat- 
ment of special cases. 

The physical meaning of the transition from the state 1 to the state 2 may 
be illustrated by a typical example, in which X, represents one of the atoms 
in an excited electronic state, the other atom being unexcited, while with Y2 
it is reversed. The transition considered then represents an exchange from 
one atom to the other of electronic excitation energy. 

Corresponding to the two states X, and X2 are two internal energies E; 
and E£2, respectively. Corresponding to the initial and final translational ei- 
genfunctions R; and R2 we have the translational energies 7, and 72, respec- 
tively. The total energies we shall designate as W, and W2. Naturally we must 
have 

(2) 


If 
(3) 


we speak of a condition of exact resonance. This corresponds to no change of 
translational into internal energy, or vice versa, at collision. If and 
—E, is fairly great** we say the resonance is poor. As is to be expected the 


49 When statements of the size of quantities are made we shall always have reference to 
their absolute magnitudes. 
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probability of transition at a collision depends greatly on whether the reso- 
nance is good or poor. We shall find it necessary to use two different methods 
of attack for “good” and “poor” resonance, and shall have occasion to define 
these terms more exactly later. 

In either case our first step is to set up an unperturbed wave equation, 
neglecting any mutual interaction between the two atoms or molecules. ¥; 
and 2 obey the wave equations, 


(H — = 0 
(H — W2)¥2 = 0 


where / is the unperturbed Hamiltonian operator for the system. X; and X2 
obey the equations 


(4) 


(Ho — Ey — + 1)/x*r?)X, = 0 
(Ho E, 1) /x?r?) = 


where /7, is the part of the Hamiltonian operator which contains derivatives 
with respect to the internal coordinates; /; and /; are the quantum numbers 
which give the angular momentum which is connected with the free motion 
of the two atoms or molecules in the states 1 and 2 respectively; and x= 
87°?.M/h? where h is Planck’s constant and WM the reduced mass. The terms 
involving the /’s enter into the equation in the ordinary process of separating 
the variables.5 

R, and R; can be expressed in terms of quantities F; and F, defined in ac- 
cord with the equation 


(5) 


R=F/r (6) 
the F’s obeying the equation (subscripts 1 or 2 to be inserted) 
/dr? + — + 1)/r)F = 0. (7) 


The quantity /; plays an important role in our calculations. For it is seen 
that F, decreases very rapidly for values of r less than ro, where 


fo = + 1)/x?T}. (8) 


This distance is the distance of closest approach (or at least what would be 
the closest approach if there were no forces between the atom or molecules) 
of two molecules or atoms with the given relative kinetic energy and angular 
momentum in the classical theory, and the same interpretation retains most 
of its significance in the quantum theory. 

It is evident that in the transition / will be subject to selection rules, and 
we shall now assume 

lL, = (9) 

for only in this way can we remain consistent with our original assumption 
that only one final state exists which combines with the given state 1. This 
condition also demands certain selection rules among the other rotational 
quantum numbers. These we will not need, however, to consider further. 


5 As in Frenkel, “W »llenmechanik,” Springer, Perlin, 1929, pp. 245-6. 
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We now take into account the interaction between the two atoms or mole- 
cules, that is, the energy in excess of that they would have if they were an in- 
finite distance apart. This can be expressed as a function, V, of the internal 
coordinates of the two atoms and the distance r. The problem is treated asa 
perturbation problem, with V the perturbation function. Corresponding to 
V will be a matrix 


(In the matrix as written the exponential time factor is assumed not to be in- 
cluded.) First we shall consider the case where’ 7); =72.=0. The matrix must 
of course be Hermitian so that v2; =72*, where the asterisk means conjugate 
complex. 

V2 will be a function of ro, F:, and E,—F,, and it may readily be seen that 
it will be larger in absolute value the smaller? 7) and |E,—E,|. The fact that 
large values of v2 are associated with small values of |E:—E,! is due to the 
fact that when |E,—E,| is small |7:—7 | will be small also, since the total 
energy cannot change in the collision. If 7; and 72 are the same the eigen- 
functions F; and F, of Eq. (7) will be the same, and the integral by which a2 
is determined, the integrand of which contains the factor F\F.dr, will be 
large. But if F; and F, are different, and since they are oscillating functions of 
r, the factor FF, will then have positive and negative parts when considered 
as a function of r; in the integration these will tend to cancel, giving small 
values for the integral. The situation is not greatly different from that de- 
scribed by Condon in his well-known explanation of the intensities in band 
spectra. 


$3. Case oF Goop RESONANCE 


We shall at first assume that E.—£, is so small that vy» is not less than, 
say, 3 of the value it would have if E,—E,=0. We shall define this as “good” 
or “exact” resonance. We may then find the probability of transition per col- 
lision in terms of v2. To simplify the notation we shall assume v.* =72. The 
results will hold if this is not the case. 

We substitute —(h/27i)d /0: for W; or W2 in Eq. (4), put in a more gen- 
eral function y, and bring in the mutual energy, so that 


(10) 
Ot 


We proceed, according to the Dirac method of variation of constants,® to 


6 This is true if the interaction is the dipole interaction described in my preliminary article. 
These are probably the only forces we need to consider if we merely wish to discover whether 
radii of action larger than kinetic theory radii can occur. (See Kallmann and London, refer- 
ence 2.) And, of course, as soon as we have to consider radii of the order of kinetic theory radii 
we cannot neglect 2 and v2. 

7 See, e.g., the calculation in reference 3. The maximum may not occur exactly at E,.—E, =0, 
and some modification of the statement is necessary if Eq. (9) does not hold. 

8 Dirac, Proc. Roy. Soc. 112A, 673-5 (1926). 
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find y in terms of the original eigenfunctions, which satisfy the equations of 
the type (4). In so doing it is of course to be noted that due to the free motion 
of the two atoms or molecules with respect to each other there will be a con- 
tinuous series of eigenfunctions and eigenvalues for Eq. (4). It will therefore 
be necessary to integrate over the energy, though naturally only states in the 
immediate neighborhood of W, will make any appreciable contribution. For 
purposes of normalization it is most convenient to introduce a largest value, 
ri, for r, the y’s then being normalized so that, for example, 


fea = 1 (11) 


where dr is the volume element, and where the integration is taken over all 
allowable values of the coordinates (r goes from 0 to 7,). The introduction of 
the largest value, 7:, will cause the continuous set of eigenfunctions to become 
a very close-spaced set of discrete ones. We will designate the difference be- 
tween successive eigenvalues as € (€; or €: corresponding to the initial or final 
states, respectively). € will be given in terms of 7; and T by the following ex- 


pression 
€ = = (12) 


It is seen that there will be a group of eigenfunctions with the internal 
part X, and a group with the internal part X2. Any one of the former group we 
designate as W;, of the latter as ¥,, the corresponding energy values will be 
E; and E;, W; and W;, T; and T;. The particular y’s with energies W, and 

"9 will still be Vi and Yo. 
We set 
= Liaw; exp (— it/h) + exp (— 2riWyt/h) (13) 
where the a’s are coefficients which will be functions of the time, and follow 
Dirac by substituting y in Eq. (10), and using relations like (4): 
H W; ; = 0 
(14) 
(H — W5)¥; = 0. 


we remember that? =v;;=0 getting thus the following equations: 
— (h/2wi)da;/dt = exp — Wi)t/h} (15) 
— (h/2wi)da;/dt = exp — Wy)t/h}. (16) 


We begin with the system in a given state, which means that, at time ¢=0, 
all the ay’s are zero and all the a,’s are zero except a;, which may be taken as 1. 
The solution which we get must be consistent with this condition. We start 
now by trying, as a solution, 


® This means, of course, that states with the same internal state do not interact with each 
other, and that the only transitions which occur directly are transitions which involve a change 
from one internal state to another. This, of course, considerably simplifies our problem, but the 
method of avoiding the difficulty which one runs into if this is not the case, has been given by 
Morse and Stueckelberg, reference 22. See §7. 
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a; = k,[1 — exp {2ri(Wy — — (17) 


where k, is a function of f. In the case in which the perturbation is small k; = 
vy, as was shown by Dirac. We are interested in the case of large perturba- 
tions, but it will be seen later that ky nevertheless remains proportional to vs; 
if resonance is good. We proceed by substituting (17) into (16) and evaluating 
(16) by changing the sum into an integration. (This is done by simply replac- 
ing the summation sign by /dW,/e;.) (16) then goes over, after a slight trans- 
formation, into the form: 


h da; 
* kyvy;[cos +i sin { —1 ayy, 
J — Wi 


If tis large enough there is no contribution from the sine term in the integrand 
of (18) except in the immediate neighborhood of W;=W); that part of the 
integral reduces practically to 


— (ikov2;/e2) f d(wW; — W)), 
Wy-W, 
a known form.!° (ks is the value of ky; when W;= W:=W,) The contribution 
from the cosine term is negligible. (Any difficulty which might arise from 
the singularity at W,— 1, is automatically taken care of by the fact that the 
cosine term is equal to 1 at this point, hence the two terms cancel each other.) 
Eq. (18) thus reduces to 


h da; (a dw 
2ri dt 0 W;- Wy 


(19) 


The remaining integral in (19) can be evaluated roughly. v;;, taken as a func- 
tion of W;, (holding 7 constant) may be expected in general to have a rather 
sharp maximum at or near the point where 7;= 77}. In the case of exact reso- 
nance this is also where W; = W;. In general we may designate the W; which 
goes with 7;=7;as W;,. If W;,; is not equal or nearly equal to W; the integral 
may be considered to have its greatest contribution in the neighborhood of 
W; = W;;. It will be approximately 


dW; ky AW;, 
0 W;- Wi W, €f; 


(20) 
where AW,, is such a quantity that 


f = AW;,, (21) 
0 


and may be called the effective width of the curve v;; plotted against W,. 
But as W;, approaches W, that is to say, putting the matter the other way 


10 Peirce, “A Short Table of Integrals,” Ginn and Co., Boston, 1910, Formula 484. 
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round, as W; approaches W;, the value of the integral will eventually become 
zero at some point where the positive and negative parts cancel. It may be 
seen that roughly its value should not exceed such a value as would be ob- 
tained by putting AW;, = W;,— W,. Since AW;, will be small this means that 
W,, is nearly equal to W, which is equal to W2, hence that we may substitute 
the subscript 2 for f;. Then, putting the matter the other way round, we see 
that the z subscript will be roughly 72. Thus 


dW 
0 Wy dey €2 


If now the state 7: chances to be close to the state 1, that is, if 7; is nearly 
equal to 7, (the case of good resonance) the value of (22) becomes kyv2)/€: 
while for 7 near 1 in (19) it is seen that the right hand side of (19) will be of 
the order of its first term. If we assume as a first approximation that we may 
neglect the second term in (19) we may write (for W; near W;) 


(h/2mi)da;/dt = exp {27i(W; — Wy)t/h}. (23) 


The word “near” means: “Defined about as closely as good resonance is de- 
fined.” 

Eq. (23) will not hold unless we have good resonance, for when 7 is 1 the 
second term in the parentheses in (19) becomes by (20): 


— Wi) (24) 


This is to be compared with the first term, i7k2v/€. Now if resonance is not 
good v2; will be small compared with v;,; which is, of course, the maximum 
value of vj. Furthermore, we may in general expect that v,; will fall off more 
rapidly than as W;— becomes greater than AW,,. So the 
second term of (19) becomes then predominant unless k,, is sufficiently 
smaller than ke which it will not be (23) was derived on the assumption that 
the first term predominated. Since we shall base our subsequent deductions 
in this part of the paper on (23), they will hold roughly for the case of good 
resonance, that is 7: must be near enough 7) so vs; is within a factor of 2 or 
so of the maximum value. 
Integrating (23) and making a;=0 at t=0 we get (note v2; =72) 


a; = { W)t/h} 1]/e(W; W)). (25) 


We can substitute this into Eq. (15) and proceed in the same way that we 
have just done. We must note, however, that at ‘=0 we have a,=1. As i—1 
the value of (25) becomes — 27*ko2t/ eh. It seems, therefore, entirely natural 
to set!! 


a, = 1 + lim ikeroe[exp {2ni(W; — Wi)t/h} — 1]/e(W; — Wi). (26) 


When we evaluate (15) and integrate we get (for W; near We) 


" Tt is necessary to retain a, in this form in order to get reasonable results in our subsequent 
calculations, 
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= = [1 — exp | W1)t/h} W,). (27) 


But this must coincide with the expression (17) for ay. Equating these two for 
a2 we get an equation for kz, which yields 


= V2/(1 + . (28) 


In order to find the total number of systems in the second state we must 
evaluate > yaya;*. With the aid of (17) and (28) we find by turning the sum- 
mation into an integration 


Thus the rate of transfer from the state 1 to all the states f, which rate we may 
call yi2 is given by 


713 = 17019? /€1€2) (30) 


Now the eigenfunction yY represents a system in a certain internal con- 
dition with translational energy 71, moving hence from 7) to 7, and back 
again with velocity (27,/./)"?. In unit time it will go from ro to 7; and back 
again approximately (27)/ .1/)'?/2r, times which may be taken as the number 
of collisions per unit time of a system in the state 1. This is equal to «,/h, by 
(12), hence the probability of transition per collision may be obtained by di- 
viding (30) by «:/h and is given by ® 


Nie = + 17010? /€1€2) *€1€2. (31) 


It is seen that Ny first increases then decreases as 72 increases and hence as 


ro the distance of closest approach, decreases. When 


= 1 (32) 


Nyw=1. It never becomes greater than this, as of course it must not. The 
value of 79 for which (32) holds may be taken as a rough measure of the effec- 
tive radius of action in any case of exact resonance, since 7 will usually in- 
crease very rapidly as ro increases. This gives a rough justification for the 
method used in my preliminary article, as far as that is concerned with exact 
resonance, and, therefore, a justification, except for a numerical factor, of 
Kallmann and London’s result for that case. Eq. (31) is of course not an ab- 
solutely exact equation and depends on the validity of the approximations 
which have been made. 

It may be remarked that the quantity on the left hand side of (32) is in- 
dependent of 7; as it must be. Since the parts of the integration at great dis- 
tances 7 contribute nothing to v2, the latter quantity will depend inversely 
on 7“, due to the normalization of y, and Ye, while the same dependence is 
true for €; and €2, as is seen from (12). 

Eq. (31) solves the transition problem for the case of exact resonance, 
whether the perturbation is large or small. It reduces, of course, to the usual 
result for small perturbations if v.’<ee.. It has been pointed out that there 


12 Because we have the case of exact resonance, € = e. 
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will be obstacles in the way of obtaining a similar result if the resonance is 
not exact. We might, however, expect that we could at least treat the cases 
where v.*e,¢2 by the usual formula for small perturbations. Unfortunately 
this is not true, however. The difficulty arises from the fact that, in the case 
of poor resonance, vy is not as large as 7,,, so that though 2,” is small com- 
pared to €€: it may not be true that v,,? will be, so we really do not have the 
case of small perturbations after all. The criterion for small perturbations is 
that the second term of (13) should always and for all values of 7, but par- 
ticularly such values as are of importance in the integral which defines a per- 
turbation matrix component, v,s, be small compared with the first term. At 
time ¢=0 the r-factor of the first term is simply F;. The r-factor of the second 
term should never approach this in magnitude. To find the conditions under 
which this will be true, let us evaluate 2; a;F; exp (—27iW;t/h). Since if the 
perturbation is small we have k; =v, we shall simply substitute this value in 
(17) and use this expression. In a manner similar to that in which we obtained 
Eq. (19) we get (¢ large) 


(- 2riW st/h) -( inF 9021 /€2 


dW; 
+ f exp (— 2riW,t/h). 
0 1 €s 


It is seen that if v2,/€ is small the first term will always be small, but we must 
evaluate the integral. Now the range of W; over which v,; has a large value 
is just that range over which F; does not get appreciably out of phase in those 
regions (the important regions) of r which contribute to the integral giving 
va. Thus we set F;= F;, for that region of r, and evaluate the integral as we 
did the integral in (19), obtaining as a rough value v;,F;,AW;,/e;,(W;,— 
W,). If this is small we can use the small perturbation approximation. Since, 
if resonance is poor, AW;,«<W,,— W, it is always safe to use the approxima- 
tion if v;,1/€;, is not greater than about 1. That is, we may surely use the ap- 
proximation for small perturbations provided this approximation would be 
correct, even if we had exact resonance. Any attempt to carry the small per- 
turbation case up toward the region where v.7/ €:€ itself is large, as was done 
in our preliminary article® will be inadmissible except for getting an upper 
limit, as, indeed, we stated to be the case at the time. (though, due to the rap- 
id decrease of v2 as |E,—E,| increases, this may nevertheless turn out to be 
a pretty good approximation). The method of §5 allows us to show that in the 
case of poor resonance the transition probability at collision will always be 
small (except, perhaps, at the very boundary of good resonance, i.e. not very 
poor resonance). If we have to contrast this with cases where the probability 
of transition approaches unity, this is entirely satisfactory—transition proba- 
bilities, if resonance is poor, are negligible. In many cases, however, transi- 
tion probabilities of the order of 1 never occur—we are interested in compar- 
ing very much smaller probabilities. Here the calculations for small pertur- 
bations hold, and no further analysis is required. 
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§4. Discussion oF §3 


Since in §3 we have really given only an outline of the derivation of (28), it may be well 
to discuss further some of the points involved, as well as give an interpretation of the results 
in terms of an incoming wave and outgoing waves of particles. 

In the first place our deductions are based on the assumption that (for state f very far 


from 2) 

ho/ky = %12/ty (33) 
and more or less implicitly on the assumption that (for state i very far from 1) 

ky/ke = 021/02. (34) 
But are these assumptions consistent with each other and with Eq. (19) and with the 
equation similar to (19) but involving da;/dt instead of da;/dt, for all values of i and f? The 
answer is yes. For Eq. (34) follows from (19) provided the first term on the right-hand side of 
(19) is large compared with the second, and this condition is fulfilled provided (33) is true. 
Using (33) we have to show that 


| >> | — Widey, |. (35) 


Since and and e~e,; and W; this is seen to be true." Similarly 
(33) follows from (19) and (34). They are therefore consistent, and so we have gone a step 
further in the construction of the complete consistent solution of the Dirac equations (15) 
and (16), at least within the limits which the approximations for i and f not far from 1 and 2, 
respectively, allow. 

We may next consider the question of the constant of integration in the expressions for a, 
and a;. This has been chosen to make the quantities have the proper values, in general zero, 
at ¢=0. But it will have been noted that the evaluation of da;/dt from (18) depends upon the 
assumption that ¢ is great. Specifically it may be seen from (18) that it must be so great that 
exp 2riAlV;,t/h has gone through a considerable number of periods. This being the case, the 
expression (19) for da;/dt does not hold from the moment ¢=0, and the same may be said for 
the similar expression for da;/dt. This will affect the constant of integration. However, if i is 
near enough to 1, it is obvious that exp 27ri(W;— W,)t/h will (because | Wi-W KAW;,) 
have gone through but a fraction of a period after the expression (19) has begun to hold. There- 
fore, the constant of integration must be approximately correct if 7 is near 1 (and similarly if 
f is near 2), which is all that is necessary. In fact, the exact value of the constant of integration 
is not important so long as it does not vary rapidly with i when 7 is in the neighborhood of 1 
(or with f when f is in the neighborhood of 2), for it would not matter, for example, if the last 
term in (19) were multiplied by a factor, which might be complex, but in all events would of the 
order of 1 in absolute value. 

One of the most satisfactory checks of the general correctness of the procedure in §3 will 
be afforded by the ability to express the results in terms of ingoing and outgoing waves of 
pairs of atoms or molecules. We may now consider how this may be done. 

Consider first the eigenfunctions F;. At great distances, they are of the form, 

Fy = sin xT;'"r (36) 
ignoring a possible phase constant and the normalization factor. The part of the complete 
eigenfunction with the final internal state which depends on r is given by 


— 1) sin (xT;""r) d(T; — T2) 


We have substituted from (17) for ay, since we have decided that (17) will hold if W; is near 
enough to IV: or W, and as we may see only such states contribute appreciably to the integral" 


(37) 


3 Actually some of our deductions are based on the assumption that 7}, 72, and all 7; and 
T; are of the same order of magnitude. This will include a range of values very much greater 
than such a difference 7; — T: as would be necessary in order for resonance to be poor, and can- 
not invalidate our conclusions. 

4 Since this is true, it is permissible to take the limits from — # to ©, when we change 
over to the variable T;— T> instead of Ty. 
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in (37). Also we have made the obviously correct substitution T;— 7» for W;— W2. We can also 
substitute sin {«72!/°r+«r(Ty—T2)/2T2'/2} for sin (x7;"r) and then perform the integration. 
We obtain® 

«r wt 


= — if < (38) 
Kr 2rt 
hk 
This represents a wave of pairs of particles traveling outward from each other with a relative 
particle velocity equal to (27:/M)"? and with a definite wave front which moves out with the 
relative particle velocity. Now, in similar fashion, using (25) and (26), we find 
exp (— 2wiT;t/h) 
= exp + sin (xTyr) if xr < (39) 
= sin if > 2nt/h. 


if 


This may be interpreted as the original stationary state with index 1, represented by the 
sine term, plus a negative wave of pairs of particles, with relative particle velocity equal to 
(2T,/ M)"? and a definite wave front with the relative particle velocity, corresponding to those 
which have been removed and are going out in the wave represented by (38). To show that 
this is true note that sin («7\!/2r) = —}¢ [exp (i«7\"/r) —exp (— ixT\"/*r)] so that the first equa- 


tion of (39) becomes 
exp (— 2xiT;t/h) 
=— i(} 1012 %2/€,€2) exp + Mi exp (- ixT 


It may readily be shown (with the aid of (28)) that the square of the absolute value of the 
coefficient of exp (ix7\"/*r) in (40) plus the square of the absolute value of the coefficient of 
exp (ixT;'"r) in (38) is equal to the square of the absolute value of the coefficient of exp 
(—ixT;'/*r) in (40). Thus we see that our solut'on represents a groups of pairs of particles 
coming inward in the state represented by the index 1, and two groups of pairs of particles 
going outward (i.e., pairs of particles in which a collision has occurred), one of which groups 
represents pairs of particles in which the transition in which we are interested has occurred, 
the other pairs of particles in which the transition has not occurred, and that we have con- 
servation of matter. We must remember that we are considering the case of exact resonance 
so T,=T>», and a=e. 


§5. CASE OF PooR RESONANCE 


For the case of poor resonance we shall need a different method of attack. 
In effect, we shall treat the two atoms as an unstable molecule. We first find 
the internal eigenfunctions when we hold r fixed but take the interaction be- 
tween the two atoms into account. There will, of course, be two of these 
eigenfunctions, which we designate as x; and x2. If we divide the Hamiltonian 
H into the two parts, Ho, which contains the derivatives with respect to all 
the internal coordinates, and /7, which contains the derivatives with respect 
to r then x: and x2 will satisfy the equations” 


(Ho + V = U; + 1) /x*r?) x, = 


(41) 
(Ho +V-U;,- + 1)/*r?) x2 


where U; and U2 are the eigenvalues (which will of course be functions of r). 


% We change the exponentials into the sine-cosine form, and expand the expression for 
sin {xT3!/*r -+x«r(Ty— T2)/2 T;1/2} , using the formula for the sine of the sum of two angles. The 
integral finally reduces to integrals of the form of Formula 484 in Peirce, reference 10. 

16 See Eq. (9). 
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So by ordinary perturbation methods we can find x; and x2 in terms of 
X, and X2 (which obey Eqs. (5)) and U; and U2 in terms of E,; and Es. We 
will have 
X1 = + aXe 


(42) 
X2 = + 


where the coefficients @11, @i2, da and dy. will be functions of 7, though X, and 
X2 are, of course, not. In setting up the perturbation matrix components 
(matrix components of V) for this problem we integrate with respect to all 
variables but r and the matrix components, which we call 


M11 
29 


will be functions of r. We take #1 = #22. =0. (This is the only-way, in general, 
that it is possible to have v7; =v2.=0). The solution of the perturbation prob- 
lem gives us!’ (assuming > and U;> U2) 


= (Ei + Ex + — Ex)? + 
= (Ei + — — Ex)? + 
— = = — U1) = m2/(U2 — (44) 


The actual values of the a’s can be obtained from the normalization of the 
x’s but are not necessary for our purposes. It is only necessary to note (a) 
that the ratio in (44) changes from 0 to 1 as m2 becomes large, which means 
as r becomes small; and (b) that this change takes place in the neighborhood 
of such a value of 7 that w#2~£,—E». On account of the normalization ay 
and dz2. change from 1 to 2? and aj and ax from 0 to 2". 

Now in considering the result of a collision we are not really interested in 
what happens during the collision itself, but only in the difference in the con- 
dition of the system before and after the collision. Since for large r we see 
that x: coincides with X; and x2 with Xe, a change from x; to x2 is essentially 
the same thing as a change from X;, to Xe, and if we can find the probability 
of such a change at a collision we have solved the problem. 

Thus far we have not talked about the relative translational motion in 
this case. Now we can use the energies U; and U2 as effective potential energies 
(the usual thing in the treatment of molecules) and set up wave equations of 
the form 


(43) 


(H, + U; +- + 1)/r? = 0 

(H, + Ue + h(i + 1)/r? — W2)S2 = 
where S,; and S: are to be the translational eigenfunctions and W, and W, 
the total energies. Naturally, as before, W;= W. and we must remember that 


the Eqs. (45) have continuous sets of eigenfunctions. As before we use the 
subscripts z and f to designate functions of the initial and final types. 


(45) 


17 This method of calculating energy curves was suggested by London, Zeits. f. phys. Chem. 
11B, 222 (1930). It was also suggested to me by Dr. Clarence Zener before the appearance of 
London's article. The subsequent handling of the transition problem is. as far as I am aware, 
new. 
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The procedure which is ordinarily used in the case of molecules, and which 
we follow here, is as follows. We try for eigenfunctions expressions of the 
form x,5; and x25: and substitute them into the exact wave equation, which 
is of the form (4). Such functions do not fit the wave equation exactly, and 
we have certain terms left over which may be treated, following Slater,'* 
as a perturbation. We have a perturbation matrix, which we write out: 


pie 
pa pee. 


We may now use these matrix components and attempt to solve with 
them the problem of the transition from state x; to state x2 as we solved the 
problem of the transition from X, to X2 in $3 by the use of the perturbation 
matrix components 7», etc. One might expect to run into difficulties in this 
attempt, but we shall now show that in the case of poor resonance the matrix 
components must always be small, so that the possibility of transition can 
be entirely neglected. 

As in analogous cases'® we may write these matrix components (we take 
a general one which we call p,,,,) as follows: 


Pu — f (xmGn/1) 
+ (46) 


where G,, =7S,,, etc., dr’ is the volume element, excluding dr, and the in- 
tegration is taken over all allowed values of the coordinates. Now G,, will 
roughly be a sinusoidal function of the argument «7,,'/*r (where 7), is the 
translational energy) and amplitude of (2/r;)'? (on account of the normal- 
ization), and similarly for G,. The value of the derivatives of the x’s will 
depend upon the derivatives of the a’s in terms of which the x’s are expressed 
(Eq. (42)). Now ay will change practically from 2'? to 1 in some distance, 
equal, say to Ar with an average day,/dr of roughly 1— 2", and similarly for 
the other a’s. Then it is seen that the integral with respect to 7 need be carried 
over a region equal to only Ar. We can say roughly that 


Xm 
0x,/Or X,/Ar (47) 
0°x,/dr? X1/(Ar)?. 
(The choosing of the subscript 1 for these expressions rather than 2 is purely 


arbitrary—either would give the order of magnitude satisfactorily.) 
Also we may write 


dG,,/dr ~ (48) 


where G,,’ is the derivative of G, with respect to its argument. Using (47) 
and (48) in (46) we see that* 


18 Slater, Proc. Nat. Acad. Sci. 13, 423 (1927). 
19 See Rice, Phys. Rev. 35, 1552 ff (1930). 
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— «* (XGm/r) [Ga/r) (X1/ (Ar)?) + (2/1) (X4/Ar) 


and noting that [X2dr’ =1 we have 


If the two sinusoidal functions G,, and G, (or G, and G,’) are in phase pinn 
will have its largest possible value. Remembering then what we have said 
about extending the integration with respect to r over a region equal to Ar 
and our statement about the amplitude of G,,, of G, we may write 


Pmn + (50) 


Now if 7, is of the order of the translational energy of an atom or mole- 
cule at room temperature 1/7,,\/*« will be of the order of 10-° cm. It is not to 
be expected that any interaction between the atoms will cause the a’s to 
change appreciably in much less than this distance, so we may write 
Ar>10-* cm, so the right hand side of (50) will be of the order of its second 
term. Thus we may write 


s (51) 
By Eq. (12) we may write 
Pan S (52) 


Now this is just large enough, (assuming €;~€2) so that if we substitute pie 
for v12 in Eq. (31), Nis becomes of the order of 1. But the right hand side of 
(52) gives the maximum value that p,, can take. In the case of poor reso- 
nance Pm, will be much less because then the sinusoidal functions in (49) will 
be out of phase”® and have different periods, if mm. We rapidly get into the 
regions of small perturbations and negligible transition probabilities (see end 
§3). This situation will be only accentuated by the original effect of the per- 
turbation a2 on the potential energy between the atoms, as indicated in (43) 
inasmuch as it pushes the energy curves away from each other. We must also 
consider the case where m =n. It may be shown that the second term on the 
right of (46) is zero when integrated if*! m =n—this leaves only the first term 
to consider. It may be taken into account by simply adding increments” to 
U, and U2, and solving this new problem (that is, we use the new eigen- 
functions for Eqs. (45). The cross terms of the matrix component will be 
changed, and the diagonal ones will then be zero). The increment to be added 
is the part of the integral which is integrated with respect to all variables 
except r, that is —K/ym(02xm/0r)dr’. It may be shown to have the same 


2 The fact that we have to deal with G,’ instead of G, makes a little change in what we will 
define as good or exact resonance, but not enough to make much difference, especially for the 
rather rough considerations we have in mind. 

21 Similar to Rice, Phys. Rev. 35, 1555 (1930). 

2 Morse and Stueckelberg, Ann. d. Physik 9, 579 (1931). 
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value whether m is 1 or 2, by the use of (44) and the relations ay?+a2,? 
= +d2?=1. Since U; and U2 are affected in the same way, the question 
of whether resonance occurs or not is not greatly affected, especially as the 
size of the term added to the U’s will usually be small. It will be of the order 
1/x*(Ar)? at the value of r where it is greatest and even if the colliding atoms 
were hydrogen, for which x is smallest Ar would have to be as small as 3 X 10-® 
cm for the additional energy term to be equal to the average translational 
energy of an atom at room temperature. 

The question may arise as to why it is that we can assume that poor 
resonance for the matrix components 2, etc., is also poor resonance for the 
matrix components pu, etc. This can be seen from the Eq. (44) and for the 
expression for p,,,, which is to be compared to the expression ? mn =f Fin Full mnd?. 
(%mn already contains the integration for all variables besides 7.) If we go 
from large to small values of 7, it will be seen from (44) that w,, will at first 
have the same general characteristics as a function of r as the nonoscillating 
part of the integrand of (46), but the latter eventually approaches zero as r 
decreases (at the point where the a’s become practically all equal) while un. 
continues to increase. If the nonoscillating part of the integrand of (46) de- 
creases (as r—>0) at a point r<ro (where 7 is defined in (8) —ro gives the 
point where the oscillating part decreases) then it is obvious that the proper- 
ties of Pn» will be similar to those of vm». If the decrease takes place at a 
greater value of r this means that the contributions to the integral for Pima 
occur at greater values of r than those for v,,,, and consequently at a point 
where the integrand will be changing more gradually. Thus the relatively 
important contributions to p», will be spread over a relatively greater range 
of r than those of v,,, and this means that the two oscillating factors in the 
integration will more quickly get out of phase with each other in the case of 
Pmn than in the case of vm. Thus poor resonance for v», will certainly be 
poor resonance for Pmmn. 

One may also question why the method of this section could not be used 
for cases of exact resonance, as well. It might of course, theoretically at least, 
be used, but complications will arise. As may be seen from (43) and (44) the 
change in the values of the a’s would take place at greater and greater values 
of r the less E,— FE, became.** This would introduce great complications both 
in the calculation and its interpretation. It seems best, therefore, to stick to 
the easily worked out and easily interpreted method of §3. 


$6. SUMMARY OF THE RESULTS 


It thus appears that we may say that, if resonance is good, transitions 
will take place provided the atoms or molecules come roughly within a cer- 
tain minimum distance of each other. Outside that distance no appreciable 
exchange of energy will take place. 

But, exact resonance, as it is defined in §3, depends upon how closely the 
atoms do approach, because the matrix components depend on this. Hence, 
provided they approach within the maximum distance described in the above 
paragraph, we may say that they will or will not exchange energy, depending 
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on how closely the energies E; and FE, match. Conversely, we may say, given 
FE, — FE), exchange of energy will take place provided the distance of approach 
is less than a certain critical distance. This distance may be found as a func- 
tion of E,—,. In general it will be greater the smaller® E.— £). 

It is not my desire to enter into particular cases here. But it may not be 
amiss to mention that cases 2 and 3 of my preliminary article are roughly the 
cases of poor resonance. An unfortunate typographical error occurred in the 
definition of these cases.* In both instances the expression (7onE;.,)~"? should 
have been (ronZ;,!")~'. The present result, if it may be applied directly to 
the case where many final and initial states are involved, says that practi- 
cally no transfer of energy will take place if the resonance is poor. It would 
be difficult to imagine the possibility of radii of action larger than kinetic 
theory of radii if the resonance difference were greater than a millivolt, a case 
which practically does not occur unless the exchange is between identical 
atoms. As far as our results go they thus say that abnormally large radii of 
action do not occur. Zemansky has recently shown that, in the cases of inter- 
action of mercury atoms with other atoms, many of the large radii of action 
formerly believed to exist are due to misinterpretation of the experimental 
data. A careful evaluation of the quantities involved, even if resonance is 
exact, shows that a reasonably favorable situation is required in order to give 
exceptionally large radii, and the present results at least strongly indicate that 
such an evaluation will usually be much too sanguine. I believe therefore, 
that all cases (except some in which resonance is exact) in which experimental 
results are reported which give large radii of action that they should be very 
carefully scrutinized. In many cases, I believe, it will be found that a re- 
interpretation of the data does away with the necessity of assuming that large 
radii of action actually exist. 


$7. CASE OF NONZERO DIAGONAL MATRIX COMPONENTS 


The case where the components #;; and #22 of the matrix of $5 and there- 
fore 2, and 2 of the matrix of §3 are not zero may probably be dealt with by 
use of the two methods described above. #1; and #22: may simply be added in 
the Eq. (7) or (45) as potentiai energies” (1, in the first equation in either 
Case, M22 in the second). Then we proceed to take care of the cross terms in the 
matrix as above. 

The corrected potential energy curves may have various complex forms. 
In particular the curves for the two states may cross. We may expect the 
case in which transitions may be probable to be that in which the relative 
translational energy in the initial state is such that the two atoms or mole- 
cules would just come to rest with respect to each other at the point where the 
curves cross. The results of this expectation have been discussed in a recent 


23 Due to an error in V, the expression for r. in Case 1 should be increased by about 40 per- 
cent a change which is, however, about canceled by the substitution of the expression in the 
Eq. (32) for that of Eq. (4) of the earlier article. The r.’s for cases 2 and 3 will also be slightly 
modified, but these results are no longer of so much interest being superceded by the present 
results. 
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note.** It is hoped, however, that it will be possible to take some definite, 
though hypothetical case, and work it through in some detail, so further dis- 
cussion of this case will be left for a future communication. 

As mentioned above in a footnote® the case of zero diagonal matrix com- 
ponents can hold only when the collisions which need to be considered have 
a distance or closest approach greater than kinetic theory radii. This means 
that either the radius of action is so large that such close collisions do not 
contribute an appreciable amount to the total number of transitions, or else 
we are only interested in seeing whether large radii of action occur or not. 
But in many cases the radii of action are of the order of kinetic theory radii, 
and this means that undoubtedly the interactions are too large to be con- 
sidered by the ordinary Born collision method or the modifications of it 
which have thus far appeared. Such cases require the treatment indicated by 
the present section, and they probably occur more often than the cases where 
the diagonal matrix components can be neglected. The discussion in the pre- 
vious sections of this paper, therefore, must be considered as illustrative of 
the type of thing one must expect where large interactions occur, and not as 
something to be compared directly with much of the experimental data 
which is at hand. It is, however, of particular interest, as indicating the 
entirely different treatment of the case of poor resonance necessary when 
the interactions are large, and the relatively low probabilities of transition 
in this case as compared with the probabilities when resonance is good. 


$8. DiscussIONn 


It may be of interest to compare my results with those of the recent 
article by Zener,‘ in which the problem of inelastic collisions is attacked by a 
method based partly on classical theory and partly on quantum theory. 
While I feel that the correctness of his Eq. (1), on which his conclusions are 
based, is not entirely self-evident, I believe that it should give good results as 
long as the interactions are small. By this, I mean that the interaction 
(called here m2. and by Zener V,-"") must everywhere be so small that the 
probability of energy exchange would be small if the resonance were exact, 
and this definition holds even in the case where resonance is poor (see end 
$3). I do not believe that Zener would concur in this definition, but I use it 
as the basis for discussion. If the interaction is small, then the probability of 
transition may be found by the Born or the Dirac method. This consists in 
the evaluation of Eq. (3) of my preliminary article,’ and Zener has shown 
that this method gives essentially identical results in the particular case 
discussed in my article. The transition probabilities thus considered are always 
so small we would neglect them in the case of large interactions. In the case 
where the interaction is large Zener proposes to use and generalize the method 
I suggested,’ except that he is going to substitute the probability he calcu- 
lates by his method for the probability I calculate by mine. This can give 
only an upper limit, as it gave in my case; as:stated above (end §3) this may 


* Rice, Phys, Rev. 37, 1187, 1551 (1931); see also Jablonski, Zeits. f. Physik 70, 730 (1931). 
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be a good approximation, but it is harder to judge how good in Zener’s 
treatment than in mine. The advantage of Zener’s method, in those cases in 
which it can be applied, lies in the case with which the calculations can be 
made and the results envisioned. 

The recent paper of Morse and Stueckelberg” does not attempt to treat 
the case of large interactions, but introduces a device which prevents large 
interactions from artificially appearing where they really do not belong. The 
general results obtained are very interesting, but before even the theory of 
small perturbations can be said to be in final form it will need very consider- 
able modifications. Their theory bears the same relation to the true theory 
of small perturbations, as the main part of this paper bears to the more 
general problem outlined in $7. 


DECEMBER 1, 1931 PHYSICAL REVIEW VOLUME 38 


THE EVALUATION OF THE MATRIX COMPONENTS 
FOR HELIUM 


By Lioyp P. Smirn* 
CALIFORNIA INSTITUTE OF TECHNOLOGY 


(Received September 5, 1931) 


ABSTRACT 


An expression involving a certain number of differentiations has been obtained 
for the matrix components involved when the first order correction to the wave func- 
tion is desired starting from the product of hydrogen-like wave functions and treating 
the electrostatic interaction energy between the two electrons as the perturbation 
energy. The result given holds for all discrete states. 


HEN one attempts to calculate the first order approximation to the 

wave function for helium for any discrete state using perturbation 
methods and starting from the product of hydrogen wave functions and using 
the electrostatic interaction energy as the perturbation energy one encounters 
matrix components of the following type: 


1 
H = Reales) — (r2) Pi,*(cos Py,**(cos 
r 
P1,"2(cos 02) Py,#2(COs Og) V (1) 


the integration being taken over all of the six dimensional space. The polar 
coordinates with subscript one denote the position of electron one and simi- 
larly the subscript two refers to the coordinates of the second electron. The 
letters x, 1, m, denote the quantum numbers for the initial state of electron 
one or two as indicated by the corresponding subscript. 

Similarly the Greek letters v, A, u denote the quantum numbers of the final 
states. All normalizing factors have been omitted in (1). The radial part of 
the wave function for electron one in the initial state m,/; is given by 


2r 
Ry = (<*) 
nya 


where a=h?/Me?Z and (2v1/ma) is the usual Laguerre polynomial. The 
distance between the two electrons is denoted by r which in terms of the co- 
ordinates is given by 

r=(r?2 +7? — 2rire cos y)'” (2) 


where y is the angle between the two radius vectors 7; and re. The term 1/r 
which occurs in Eq. (1) makes a general evaluation of the integral quite diffi- 
cult. The usual expansion in powers of the ratio of 7, and rz and spherical 
harmonics, namely 


1 
—= x'P.(cos 7) 
r 


t=0 


* National Research Fellow. 
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where x = or r2/r, the ratio being chosen so that |x |<1, is not desirable 
in this case since the domain of both 7, and rz is from 0 to ©. This would 
require the evaluation of indefinite integrals. We therefore seek an expan- 
sion valid for all 7; and re. 

In order to obtain such an expansion we make use of the expansion! 


= 1 
Li + 3) P,(cos y) (3) 


sin kr 


kr 


where r is defined by (2). Integrating both sides of this expression with re- 
spect tok from 0 to © we obtain the desired expansion 
0 (kr,)'? 


1 x 
+ 1)P (3a) 


p=0 
When this expression is substituted in Eq. (1) and the order of summation 
and integration interchanged, the integrals appearing in each term of the sum 
may be separated into two integrals of the form 


K,(ahi, Nolo, = f f f Ri 
0 0 0 


and 


2r 2r 
f f f (cos 01) Py,“*(cos 1) 02) Py,*2(cos 42) 


The integral (4) is separable in 7; and rz and the resulting integrals being 
of the Gegenbauer type can be evaluated in terms of a hypergeometric func- 
tion or a generalized Legendre function of the second kind but then the pro- 
duct of two such functions would have to be integrated with respect to k from 
0 to ~ and the writer was unable to evaluate the integral in this form or to find 
its evaluation in the literature. 

The integral (5) can be made separable in all of the angles by applying 
the addition theorem for Legendre polynomials to P, (cos y) i.e. 


(p | q| )! 


When this expression for P,(cos y) is substituted in (5) and the integrations 
with respect to ¢; and ¢2 are carried out it is evident that there exists only one 
value of g for which the integral will be different from zero, namely g=s1 
— = M2 — pe. The above sum is therefore reduced to the one term 

(p— | ui—m|)! 
(p— | )! 
1 Watson, Theory of Bessel Functions, p. 363. 


P,'*!(cos 1-2) , 


P,(cos y) = 01) Pp! ™2-#2! (cos 
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and upon substituting this in (5) and carrying out the integrations with re- 
spect to d; and ¢z, the result is 
— | — 

(p +| — m,|)! 


4dr (6) 


where 


(1, pr.) = f P1,™(cos (cos sin @,d0, (7) 
0 


and 


= 62) P,! m (cos 62) Py,*2(cos 62) sin (8) 


J. A. Gaunt? has evaluated integrals of the form 


P,°(x)dx (9) 


-1 


for the case when 120, v20, w20, and wu =v+w. In Gaunt’s work a slightly 
different definition of P,“(x) has been used, namely 
Py*(x) = (k — w) — 


The definition used throughout this paper is the one given above after remov- 
ing the factor (k—w)!, and the necessary changes will be made in Gaunt’s 
results to conform with the definition used here. The integrals (7) and (8) can 
always be put in the form (9) by recalling the relation 


Py-“(x) = (- 
(k + u)! 
The integral (9) yields a value different from zero only when the following 
conditions are satisfied : 
lau; lzn—m (10) 


and also 
l+m+un= 2s 


where s is a positive integer. The analogous conditions that must be satisfied 
simultaneously in order that both (7) and (8) will yield a value different from 
zero are 


Iu psuth; 2m; Mtpth =u 
| — S pS ret le; Ae me; = 22 (11) 


where s,; and s2 are any positive integers. The last condition comes of course 
from integration over ¢; and ¢2. The above conditions therefore lead to a re- 


? Gaunt, Royal Soc. of London Phil. Trans. 228, 194 (1929). 
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striction on the possible values of p and thereby reduces the sum in (3a) toa 
finite number of terms. 

The explicit expressions for (7) and (8) when the above selection rules are 
satisfied will not be given here but they may be cbtained in any case from the 
general expression for (9) which according to Gaunt is 


+1 !(n+ w) !(2s—2n)!s! 


The range of values for ¢ in the above sum is sufficiently indicated by the fac- 
torials. 


EVALUATION OF THE RADIAL INTEGRALS 


The more difficult integrations over the radial functions must now be car- 
ried out. When the expressions for the radial functions are substituted in (4), 
the integral becomes 


0 0 0 nya Nod Vea 


Noa 


(=*) 
Votrs (kr;)¥/2 (kre) 


vod 
Before proceding further it is desirable to obtain a convenient representation 
for the Laguerre polynomials. This can be done by making use of the usual 
generating function for these polynomials, namely 


La+s(%) 
(a+)! (1 — 
It is not convenient, however, to use this form of the generating function 
but one obtained from it by making the transformation h =u/1+ 4. The above 
expression then becomes, 


/ u 
(a +8)!\1 +. 


From this it is seen that the Laguerre polynomials are just the coefficients in 
the expansion of the function on the right according to powers of u/1+4. 
These coefficients can be determined in the well known way and we have, 


(13) 


hl <1. 


) = + 


(a+)! a! 


Making use of this representation for each of the Laguerre polynomials in 
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(13) and making the changes in the variables indicated by the relation s; 
= kv, and s2= kre, the expression for K becomes 


2\ 
a 


0 0 0 


(14) 


where 
awe (my + 11) + + 1) (v2 + Az)! (15) 
l, = 1) ls 1) 1) !(v2 1)! 
and 
Dd, 


The integration with respect to k can now be carried out by elementary 
methods and we have, 


(E181 + E259) 


where the following symbols have been introduced for the sake of shortness 
1 + 20; 1th, 1 + 2v2 


2 
ny, Ne V2 


m=h+A1+ 2; no = le + Ao + 2. 


In order to proceed with the evaluation of the remaining integral 


(16a) 


1/2540 1/2d 5 


! J 17 
+ m2) J J p+1/2(52) (E151 + (17) 


we again make use of the expansion (3) for the particular case when k=1, 
i.e. 


sin + so? — 2s,sqx)!/2 


= J J p+1/2(s2) 
= P,(=x). 
Pole 
Multiplying this expression through by P, (x) and integrating both sides from 
—1to +1, we have a convenient representation for the product of two Bessel 
functions, namely 
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With this representation for the Bessel functions in 17, we have, 


mt 
Jo (E181 + 


sin + s2? — 2s,sex)!/* 
+ so? — 25,5x)!/? 


It is useful to make two further changes of variable as defined by the relations 


P,(x)dxdsids.. (18) 


s=rcos@ and s=rsin@. 


The above integral then becomes 


= 0 (& cos + & sin 


sin 7(1 — x sin 26)!/? 
r(1 — x sin 20)'/? 
Changing the order of integration, the integration with respect to r can be per- 
formed since, 
sin r(1 — xsin 
0 r(1 — x sin 26)!/? 2(1 — x sin 26)!/? 
The expression (19) now becomes 
pt (cos @)"(sin P,(x)dxd0 
J cos + & sin (1 — x sin 


The integration with respect to x can be accomplished by making use of the 
generating function for the spherical harmonics, namely 


1 
(1 — 2xh + 


Multiplying both sides of this equation by P(x) and integrating from —1 to 
+1, we have 


P,(x)dxdédr. (19) 


and 1 — xsin 26 = 0. 


= | h| <1. 
p=0 


-1 (1 — 2xh + 
This resembles the integral in question namely, 
+1 P,(x)dx 
(1 — x sin 20)'/? 
especially when it is written in the form 
+1 P,(x)dx 
1+ 


This will be identical with (21) provided 2h/1+h?=sin 26. This relation is 
satisfied for both h=tan 6 and h=cot 6. The first expression must be used for 


(21) 


+ h®)'/?, 
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0<0<7/4 and the second for 7/4<0<7/2 since |h| must remain less than 1. 
The value of (21) then becomes 
2 


sin? for OSOS 
P,(x)dx 2p+1 4 
cos’ @sin~ for — —. 
2p+1 2 


After dividing up the range of integration of 6 and using the appropriate ex- 
pression from (22) the integral (20) becomes 


2p +1 LJo + 


(cos)"*?(sin 0) | 


or 
2p +1 L o (&) tan 6) ria cotO + 


These integrals can be made to assume a simpler form by letting ¢=tan @ in 
the first integral and ¢=cot @ in the second. The result is 


(ny + m2) tnt Pdt 1 
| | (23) 
2p+1 o + (Et + 


Unfortunately the above integrals can not in general be evaluated in 
closed form since they are the integral representations for a certain class of 
hypergeometric functions and may be represented as such but it seems more 
practical to proceed in a different manner. We shall make use of the fact that 
the exponent in the denominators of the integrands always exceeds that in 
the numerators due to the restrictions imposed on p. It is also to be noted 
that the above type of integrals can be evaluated in closed form for the special 
case when the exponent of the denominator is greater by two than the expo- 
nent of ¢ in the numerator. If, for example, such a special case of the first 
integral in (23), is considered, we have, 


Pdt 1 (24 


The above integral can be made equal to the first integral in (23) by perform- 
ing a certain number of differentiations thus: 


1 {72+ Pdt 
o (&1 + tt! 


atures (no + p+ t+ Pdt 
(m+)! Jo (Er + + 


(m1 + m2)! o (&1 + €1 + 


fi 
q 
| 
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After the indicated differentiations have been performed €; is placed equal to 
zero. The integral thus obtained may be evaluated by means of (24) and we 


then have, 
Pdt 
= (nz + 1 (25) 
(m1 + m2)! (Ey + €1)(E1 + + Ea) 
Ina similar manner, the second integral of (23) becomes, 
+ 
! 1 
(m1 + m2)! + €2)(E1 + €g + Eg)" 


Because of the restrictions on p, the indicated number of differentiations can 
never become negative since y:—p—1>0 and n2—p—1>0. With the help of 
(23), (25), and (26) the expression for K from (14) assumes the form, 
Ky (ml, mole, vidi, ved2) 

Bo 


MyM 


+ p+ 2)! (— + dat pt 
+ €1) +et+ Eo) pts + + e+ 


Ve = = Mo = = =~ & = 


In the above expression it must be remembered that £, and &: are linear func- 
tions of the w’s and v’s defined by the expressions (16a) and that B is defined 
by (15). 

The troublesome integration of the radial functions for arbitrary discrete 
quantum numbers has thus been reduced to a certain number of differentia- 
tions and although the indicated differentiations may become complicated 
and tedious it is always possible to perform them and for a great many choices 
of the quantum numbers only a few differentiations need be performed es- 
pecially when one remembers the restrictions imposed on p and in some cases 
on the quantum numbers themselves by the relations (11). 

The complete matrix components may be expressed in the form, 


. (p —| — )! 
H = 4r? 


where the quantum numbers and are to take on values consistent with (11). 
EThe writer wishes to thank Professor H. Bateman for suggestions and dis- 
cussions in connection with the above work. 
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ABSTRACT 


Andrews has suggested that the restoring forces in polyatomic molecules can best 
be chosen as harmonic restoring forces along the directions of the chemical bonds and 
perpendicular to them. In order to test the suggestion, we have calculated the vibra- 
tional frequencies of tetrahedral molecules with this choice of forces. The agreement 
between calculated and observed values is unsatisfactory. It seems that there may be 
repulsive forces between the corner atoms of the type between ions of crystals or the 
inert gas atoms. The introduction of terms in the potential energy proportional to 
1 r;", where r; is the distance between two corner atoms, makes it possible to secure 
very good agreement between calculated and observed frequencies, in the case of 
CCly, SiCl,, SnCl,, CBrs, and SnBr, but not such close agreement in that of TiCl,. 
The calculated frequencies are not very sensitive to the value of nm which may be any- 
where from 5 to 9. The repulsive forces necessary are of the same order of magnitude 
as those calculated from crystal properties and the viscosities of the inert gases. In the 
case of the SO," and ClO,-, the inverse high power repulsive force is not sufficient, 
but the addition of terms, e*,/r;, e being the electronic charge, as well as an inverse 
higher power term does give very good agreement between calculated and observed 
frequencies of these molecules. 


NDREWS' has made the suggestion that the most promising assumption 
to make in regard to the restoring forces in molecules is that these forces 
to a first approximation consist of harmonic forces along the directions of 
the chemical bonds and perpendicular to them. Kettering, Shutts and 
Andrews? have constructed ingenious molecular models on the basis of this 
suggestion, which duplicate many details of the vibrational frequencies of 
molecules. A number of years ago Bjerrum* considered the same choice of 
forces in discussing triatomic molecules of the CO, type, as well as the as- 
sumption of central forces, but was unable to decide definitely between them.‘ 
The recent theoretical investigations of Slater’ and Pauling® on the nature of 
the chemical bond also suggest the presence of valency forces acting along 
and perpendicular to the chemical bond. 


* Contribution 680 from the Department of Chemistry, Columbia University. This paper 
is part of a dissertation presented by C. A. Bradley, Jr. to Columbia University in partial ful- 
fillment of the requirement for the doctor's degree. 

1D. H. Andrews, Phys. Rev. 36, 544 (1930). 

2 C. F. Kettering, L. W. Shutts, and D. H. Andrews, Phys. Rev. 36, 531 (1930). 

3 N. Bjerrum, D. physik. Ges. Ber. 16, 737 (1914). 

4 A study of the vibrational frequencies of the ClO, molecule has been made in this labora- 
tory by Miss Helen Johnston and one of the writers (H. C. U.) which definitely favors the 
valence type forces. 

5 J. C. Slater, 37, 481 (1931). 

6 L. Pauling, J.A.C.S. 53, 1367, 3225 (1931). 
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Dennison’ has solved the problem for the vibrations of the tetrahedral 
pentatomic molecule assuming that the forces act along the lines joining the 
atoms and Schaeffer*® has given the dependence on the mass of the central 
atom. Trumpy® applied these formulae to several molecules of this type and 
showed that the three arbitrary constants required can be adjusted so as to 
give fair agreement with observation. 

This type of molecule is particularly well suited to a test of the choice of 
restoring forces because the angles can be assumed to be known. Only two 
arbitrary constants are postulated and four frequencies expected, so that two 
can be used to calculated the constants and the calculated and observed 
values of the other two compared. Satisfactory agreement is not secured in 
this case. However, we find that the presence of repelling forces between the 
like atoms at the corners of the tetrahedron having the order of magnitude of 
known repulsive forces between inert gas atoms or ions in crystals make agree- 
ment between calculated and observed values very satisfactory for all, but 
one molecule, to which the calculations have been applied. 


Tue DyNAMICAL PROBLEM 


The potential energy function which includes forces along the bonds, per- 
pendicular to them, and along the lines joining the like atoms is, 


4 
=Vet —4nt+3 — +3 
1 Or; 1 Or? (1) 
+ + > dy}, 
Or; 1 or; 


where 7; is the distance from the central atom to the 7th corner atom, 7; is the 
distance between two corner atoms, 7p is the equilibrium value of each 7; and 
Aé; is an angular displacement perpendicular to the bond direction.'® The 
central force potential energy function does not include the fourth term and 
the valence force potential energy function does not include the second and 
last two terms on the right of Eq. (1). If the potential energy contributed by 
the interaction of the corner atoms depends on an inverse power of the dis- 
tance (a usual assumption) as 


—s (2) 


the last two terms may be replaced by 
1 


1 

7 D. M. Dennison, Astrophys. J. 62, 84 (1925). 

8 Cl. Schaeffer, Zeits. f. Physik 60, 586 (1930). 

® B. Trumpy, Zeits. f. Physik 66, 790 (1930). 

10 The term containing A@ is defined as the sum of four terms depending on the displace- 
ment of the bond direction from its equilibrium direction. Another way of defining this would 
be that this consists of the sum of six terms, }22’=7ro?A0;*, where AQ; is the change in angle be- 
tween two pairs of corner atoms and the central atom. The two definitions are identical, how- 
ever, for k.’ = }k2 and thus only a redefinition of an empirically chosen constant is involved. 


(3) 
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where a equals the equilibrium distance between corner atoms. If the undis- 
placed configuration is to be stable, the forces acting along the bonds must be 
balanced by forces acting between the corner atoms and this leads to a rela- 
tion between 0V/0r; and 0V/0r;, namely, 

av nks 


— = — = 61/2 (4) 
or; or; qntt 


Our potential energy function is then 


4 k 4 eV 4 
1 
(5) 
k : 1)k 


6 
be 
The kinetic energy can easily be written in terms of the velocities using suit- 
able coordinates and the problem can be solved by usual methods." 


The frequencies in terms of the force constants are found to be as follows, 


1 {* + (n+ (6) 


m 


n+2 
+ 4 


3n +2 2y3 + kit 2k 
4( vat 2h + + : 
2r 2 Ou 


3 2 1 2 k 2k 2 
2 om m Ou 
+ ko “yy 
Ou m 


4nks mM 
and m and M are the masses of the corner and central atoms respectively.” 


k, = 


" We have found that the simplest method for securing the frequencies is that used by 
Lorentz, The Electron, pp. 294-297, for a similar problem. We have checked our results by 
setting up the determinamental equation and solving by the general method. 

2 The dependence of these formulae on y* and &; should be derivable from the formulae of 
Schaeffer by using the proper values of his a and 8 in terms of our assumed inverse power 
function. This is not possible, however, unless the sign of 8 in all his formulae is changed or 
what is the same thing, unless the 8 is redefined with opposite sign. This error appears in Denni- 
son's original formulae, in Schaeffer's formulae and also in Trumpy’s work (see below) and 
in Ruark and Urey, Atoms Molecules and Quanta, McGraw-Hill, 1930, p.441. The latter authors 
have also made some algebraic error in deriving formulae for v3; and ». The error in the sign of 
the 8 does not invalidate previous numerical calculations for only the sign of an empirical con- 
stant is involved. It means that Trumpy has really assumed attracting forces instead of repell- 
ing forces between the corner atoms. 


| 
| 
| 
— | 
| 
where | 
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APPLICATION TO EXPERIMENTAL DATA 


The experimental data consist of the Raman spectra and infrared spectra 
of molecules of this type. The experimental errors in these data may amount 
to a few wave numbers. In addition the data deal with transitions between 
the normal level of the molecule and levels having one of the vibrational 
quantum numbers equal to 1. The energy change for this transition is (in 
wave numbers) 


Av = Vo 
if the energy is of the form 
= + 3) — xpo(v + 


The quantity which we have attempted to calculate is 7) and thus the 
theoretical formulae do not refer exactly to the observed quantities. Thus 
even if the theory were exact, which we do not maintain, and the experi- 
mental data very precise, which they are not, exact agreement could not be 
expected. Also conclusions based on agreement closer than a percent or two 
would be unjustified. 

We first applied the formula assuming pure valency forces so that ys; is 
first assumed to be zero. The constants were calculated from the frequencies 
vy, and v2 and then the frequencies v3; and y, calculated by using these constants. 
The results are given in Table I. The agreement between calculated and ob- 
served is not satisfactory so that the assumption of pure valency forces is not 
sufficient. 


TABLE I 
Inactive ‘ 

frequencies 

Compound 
% % 

ry v2 Obs. Calc. Diff. Obs. Cale. Diff. 
(1) CCl 460 214 760-790 1168 +49.7 311 299 —3.8 
(1) SiC 422 149 608 724 +19.0 220 210 —4.5 
(2) TiCl, 386 119 491 552 +12.4 139 164 +17.9 
(2) SnCl 367 104 401 437 +8.9 136 132 —2.9 
(3) CBr, 265 125 667 864.6 +14.7 183 156.2 —14.8 
(2) SnBr, | 220 64 279 309.0 +10.7 88 87.4 —0.7 
(4) SO," 980 451 1113 1315 +18.1 620 579 —5.7 
(5) ClOg | 935 467 1121 1241 +10.8 634 591.4 —6.7 


(1) Cl. Schaeffer, Zeits. f. Physik 60, 586 (1930). 

(2) B. Trumpy, Zeits. f. Physik 66, 790 (1930); P. Daure, Ann. de. Physique 12, 26 (1929). 

(3) A. Dadieu and K. W. F. Kohlrausch, Monat. 57, 488 (1931). 

(4) R. G. Dickinson and R. T. Dillon, Proc. Nat. Acad. Sci. 15, 695 (1929). 

(5) H. Nisi, Jap. Jour. Physik 5, 119 (1929); R. G. Dickinson and R. T. Dillon, Proc. Nat. 
Acad. Sci. 15, 695 (1929). 


If ys is assumed not equal to zero, we have formulae which depend on four 
constants which may be fixed arbitrarily and thus exact agreement between 
calculated and observed values should be secured. However, we are some- 
what limited in our choice of the value of m. We picture the molecule SiCl, 
for example, to consist of the central atom and four chlorine atoms sur- 
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rounded by fields of force similar to the field of force about an argon atom and 
in general the corner atoms to be similar in this respect to inert gas atoms 
generally. The general character and magnitude of the forces between atoms 
and ions having inert gas configurations are known from the study of crystals 
and the properties of the inert gases. It is found that high inverse power po- 
tential energy functions fit these data in a highly satisfactory way. We have 
found that a potential energy function of the form, k;/r;", with m equal to any 
number between about 5 and 9 would be satisfactory for the calculation of 
the frequencies within a few percent so that within the limits which we regard 
as significant as explained above any choice of m between these two would be 
permissible. We have found that the choice of m=6 or 7 gives better agree- 
ment in general than larger or smaller values. 

The constants ki, ke and y3 were determined by solving the following three 
linear equations in these quantities, 


= ki + (n + 1)y3’ 


+2 
Xe = = ke’ + (7) 
3n +2 m 
x3 = v3? + 72 = ( + 2k,’ + + (2y3" + ky’ + 


where k,’, ke’ and v3’ are equal to ki, ke, and y3 respectively multiplied by the 
factor 1/47°c?m. The comparison with the fourth quantity »;*—v, could have 
been made directly, but we have chosen to calculate both v3; and vy and com- 
pare each of these with the experimental value, since these are the observed 
quantities and a better judgment of the closeness of agreement can be made. 
Table II lists the results together with the values of k;, ke and 3, using m =7. 


Taste II. 
Obs. | Cale. | “8 | obs. | obs. | “8 
CCh 460 214 | 760-790) 771.2] ? 311 | 316.6 | +2.12 | 173,771 | 20,735 | 32,553 
SiCh 422 148 608 | 609.5} +0.2 220 | 216.0 | +0.82 | 258,321 | 14,818 | 13,387 
TiC 386 119 491 | 482.0] —1.83 | 139 | 166.2 | +19.4 | 227,998) 7,194 | 9,717 
SaCh 367 104 401 | 403.4] +0.6 136 | 128.7 | —5.4 | 230,638] 9,337 | 5,718 
CBr. 265 123 667 | 666.7 | +0.1 183 | 183.8 | +0.4 | 139,954 | 17,684 | 23,677 
SnBre 220 64 279 | 279.0] 0.0 88 88.0 0 183,407 | 6,949 | 5,450 


The agreement between calculated and observed values is as close as can 
be expected except in the case of TiCl,. (The disagreement between the cal- 
culated and observed values of >, for SnCl, is rather great but probably not 
significant.) Trumpy® also found the poorest agreement in the case of TiCl,. 
A comparison of our percent deviations between calculated and observed and 
those secured by Trumpy using the central force formulae is given in Table 
III. The superiority of the valence type forces is immediately evident. 

In order to justify our assumption of repelling forces between the corner 
atoms, it is necessary to show that these forces are of the same order of mag- 
nitude as those found from the properties of crystals and the inert gases. Ex- 
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TABLE III. Deviations between calculated and observed frequencies as given by Trumpy 
and by this paper. 


Com- V2 V3 
pound —— — 

U.& B. U.&B T U.& B. U.&B T 
CCl, 0 0 0 —9.3 ? ? +2.12 —3.5 
SiCl, 0 0 0 —4.7 +0.2 —2.3 —1.82 +4.5 
TiCl, 0 0 0 —7.6 —1.83 —4.8 19.4 +13.0 
SnCl, 0 0 0 0 +0.6 —4.3 —5.4 —5.1 
CBry 0 — 0 — +0.1 — 0.4 
SnBr, 0 0 0 —4.7 0.0 —2.9 0.0 +3.4 


act agreement cannot be expected because atoms, such as the chlorine atoms 
of CCl,, bound by nonpolar bands to a central atom can hardly have the 
same potential energy relative to each other as free inert gas atoms or ions of 
crystals. Calculations show that agreement between calculated and observed 
values of v3 and 7; is not greatly changed by using different values of ”, and 
also that the constants k; and ke are not greatly changed, and y; changes 
somewhat more but remains of the same order of magnitude. In the case 
of SiC], best agreement between calculated and observed is secured with » = 6. 
Table IV shows the results of such calculations for SiC],. 


IV. 

n 2's | ky ky 

5 607 .3 253,926 12,420 18,581 
6 608 .3 219.1 256,494 13,815 15.563 
7 609.5 216.0 258,321 14,818 13,387 
8 610.0 214.5 259,705 15,574 11,745 
10 610.9 211.9 261,670 16,644 9,431 

608 (obs.) 220 (obs.) 


It is evident to us from these calculations and others of a similar kind 
that values of » from 5 to 9 are about equally satisfactory so far as this cal- 
culation is concerned and thus only order of magnitude of 0V/0r; and 
0°V/0r; used by us and those used by others can be compared. We have cal- 
culated the values of for CCly, SiCl, and SnCl,; assuming = 8, which is the 
value used by Lennard-Jones and Dent and calculated the value of 0V/07; 
from it, 0V/0r;= —(y3a/4). The values of the a’s are those determined by 
Wierl™ using the electron diffraction method. The values of ys for CBr, and 
SnBr, have been calculated by using »=9, which is Lennard-Jones and 
Dent’s value. In this case we have estimated the values of the a’s from the 
ionic radii of Goldschmidt and Pauling,” reducing these values by 7 percent 
as was found necessary in the chlorine compounds by Wierl. The values of 
—(0V/dr;) so calculated are compared with Lennard-Jones and Dent's 
values in Table V. The two agree in order of magnitude, but our values do 
not follow a formula nk;/a"*! with the same k; for CCly, SiCl, and SnCl, or 


13 J. E. Lennard-Jones and B. M. Dent, Proc. Roy. Soc. A112, 230 (1926). 
4 R. Wierl, Ann. d. Physik 8, 521 (1931). 
% L. Pauling, J.A.C.S. 49, 765 (1927); V. M. Goldschmidt, Trans. Far. Soc. 25, 253 (1929). 
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for CBr, and SnBry. If we take » =6, values for the —(0V/0r;) not greatly 
different for those given in Table V, are secured and they follow fairly closely 
a formula, nk;/a"*?. 


TABLE V. 
—0V/dr; (dynes) 
Compound a 3 

U. and B. L-J. and D. 
CCl, 2.98 28530 21.25«10~ 24.22 
SiCl, 3.29 11746 9.66 9.94 
SnCl, 3.81 5034.9 4.80 2.65 
CBr, 3.19 18436 14.70 28.14 
SnBr; 4.05 4274 4.33 2.59 


However it is quite evident that any discussion of the value of m, based on 
the frequencies of these molecules, is futile for data and calculation here 
given cannot give a decisive answer. We can only conclude that the assump- 
tion of valency forces and an inverse power repulsive force between the corner 
atoms of the correct order of magnitude is able to account for the vibrational 
frequencies of these molecules with the exception of TiCl,. At present we can- 
not explain this discrepancy. 

The constant, ke, decreases regularly in the compounds CCl,, SiCl, and 
SnCl,y, but the value for TiCl, is somewhat irregular. The constant, kj, is 
smaller in the case of CCl, than in that of SiCl; and SnCl, and also smaller in 
the case of CBr, than in that of SnBr;. This seems, at first sight, to be un- 
likely and not to be in agreement with an intuitive judgement based on 
chemical evidence." By the strength of the nonpolar bond, we may refer to 
two properties; (1) the dissociation energy associated with the bond; and (2) 
the restoring force constant for small displacements from the equilibrium 
position, namely, 0°V//dr,7. It is this latter idea, which appears here. 

Morse” has shown that the following function will fit the potential 
energy functions of diatomic molecules with a high approximation: 


V(r) = — 


We shall take the potential energy of the tetrahedral molecule in so far as it 
depends on the distance, 7;, between corner and central atom as this function 
with ro’ as the equilibrium distance between the central and corner atoms in 
the absence of the repelling forces between the corner atoms. Then the po- 
tential energy is, when r=7o, the equilibrium distance with the repulsive 
forces present 


k 
V = 4[— De + — = Q, (8) 
a” 


and using Eq. (4) 


16 See Pauling’s 6th property of the electron-pair band, J.A.C.S. 53, 1369 (1931). 
17 P.M. Morse, Phys. Rev. 34, 57 (1929). 
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(—) nks 
— = 2DAe~A — = G1/2 (9) 
Or; Ti=To 
and 
eV 
( ) = — 2DA*%e + (ro = hy, (10) 
or? ri=r9 


It seems to us that we should expect (0?V/0r;?),_,,.=2DA? to fit Pauling’s 
rule rather than the quantity k,. The quantity 2DA?, equal to k,’ say, can be 
calculated roughly in the case of CCl, and is larger than the k,'s for SiCl, and 
SnCl,. 


Letting e~4‘-"e) =x, Eqs. (8), (9), and (10) become 


It is possible to solve these three equations for x, D, and A in terms of Q, the 
heat of formation, and the constants y; and k;. When this is done, we find 
that 2DA?=k,’ =385,000, ro —ro’ =0.22A, and A =1.12 This value for 
ki is of the order of magnitude of the restoring force constants in the case of 
SiF in which one atom belongs in the first period of eight and the other in the 
second period of eight of the periodic system. Thus, 


CC1,,k:’ = 385,000, = 491,400. 


Thus k,’ is larger than the k, for SiCl; and for SnCl, and it seems likely that 
it is larger than the k,’’s of these molecules which unfortunately cannot be 
calculated. We expect a similar relation to hold for the k{’s of CBr, and SnBr, 
which also cannot be calculated. 


THe ClO, Ions 


The assumption that there is no central force between the oxygen atoms 
of these ions, and the assumption that there is a high inverse power central 
force between them both fail to give agreement between the observed and 
. calculated frequencies of SO,= and ClO,-. This might be expected for the 
bonds of these ions may be partly ionic. Two possible ways of forming the 
SO,= ion would be (1) from S*+ and 40=; (2) from S*++40-. The latter accord- 
ing to the theories of Slater> and Pauling® should be tetrahedral. The actual 
ion may be a combination of both these and perhaps of other possible con- 
figurations. Therefore it occurred to us to try the addition of a term 2(e?/r;) 
to the potential energy as well as a high inverse power term. With this as- 
sumption very good agreement can be secured in the case of SO,-, and 
fair agreement in the case of ClO,-. The frequencies for this case are easily 
secured from Eqs. (6) by using two y terms, one with m=1 and the other 
with n=7. The value of the y,(=4e?/a*) was calculated using Vegard and 
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Maurstad’s'* values for the O—O distance in the case of SO,4=, 1.63 X 10-8cm, | 
and a distance estimated from Goldschmidt and Pauling’s ionic values for 


ClO, of 1.60 10-8 cm. The results of these calculations are given in Table 
VI. 


Taste VI 
Number 
on 1 2 charge 
Obs. | Calc. | %dev.| Obs.| Calc. | %dev. oxygen 
sor 980 | 451 | 1113 | 1127.8 | 41.4 | 620 | 592.4 | —4.5 | 634,805 | 115,960 33,262 0 0 
sor 980 | 451 | 1113 | 1113.6 | +0.05) 620 | 618.9 | —0.2 | 606,406 98,922 24,742 48,278 1 
sor 980 | 451 | 1113 | 1079.4 | —3.0 | 620 | 676.4 | +9.0 | 521,209 47,803 —816 | 193,111 2 
ClO, 935 | 467 | 1121 | 1140.8 | 41.8 | 631 | 594.4 | —5.9 | 674,150 | 163,539 18,239 0 0 
ClOT | 935 | 467 | 1121 | 1125.4 | +0.4 | 631 | 623.3 | —1.1 | 644,802 | 145,714 9,147 51,044 1 
ClOF | 935 | 467 | 1121 | 1096.3 | —2.2 | 631 | 672.7 | +6.8 | 556,757 92,240 |~—18,131 | 204,176 2 


The assumption that each oxygen atom of SO, and ClO, carries one 
unit of negative charge is consistent with the observed frequencies; the cal- 
culated frequencies are not changed greatly by a considerable change in ¥;, 
for ys must be taken equal to about 70,000 in order to get exact agreement 
between the calculated and observed values of i; and i; of ClOg, ie., the 
effective charge on an oxygen must be ~1.15 e; however, the observed fre- 
quencies are not at all consistent with the assumption of either zero or two 
negative charges on each oxygen atom as can be seen from the table. We ex- 
pected ki, ke and y; to be larger for ClO,- than for SO; because of the greater 
charge on the central atom, and this proves to be true for k; and ke, but not 
for y3. Neither changing the value of m nor changing the value of y; changes 
the relative values of 3 for the two ions appreciably. The inverse 7th power 
repulsion forces between the oxygens in the equilibrium position are 
1.66 X 10-* and 0.599 x 10-* dynes in the case of SO,= and ClO,~ respectively. 
These forces calculated from the tables of Lennard-Jones and Dent assuming 
the forces are the same as those of F~ ions are 0.737 X10~ and 0.951 x 10-4 
dynes respectively and again assuming the repulsive forces to be the same as 
those between O> ions are 3.393 X 10~ and 4.393 X 10~* dynes respectively. In 
the case of sulfate our calculated force falls between the two values calculated 
according to these authors as we should expect it to do considering the trends 
of values in their tables; however, our value for the ClO,~ case does not fol- 
low these expectations. 

A possible explanation for this difficulty, which immediately comes to 
mind, is our neglect of polarization forces. Such forces should be small in the 
case of bonds of the nonpolar type as in the chlorides and bromides con- 
sidered, but, as a simple calculation shows, should be of appreciable mag- 
nitude in the case-of these partially ionic bonds. The central charged atom 
should induce a dipole in the corner oxygens and, if these are charged, the 
mutual energy of these ions and dipoles should be of appreciable magnitude, 
thus introducing a term depending on both the r,’s and r;’s. Our agreement be- 
tween calculated and observed frequencies is as good as can be expected 
neglecting such forces and therefore the introduction of further empirical 
constants could not be checked against our data. Further, an estimate of such 


18 L. Vegard, and A. Maurstad, Zeits. f. Kristallographie 69, 519 (1929). 
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a term from other data would be unreliable, for the polarizability of singly 
charged oxygen atoms bound by nonpolar linkages to sulphur or chlorine 
would be difficult to estimate. 

The calculations for these ions as they stand are in accord with the as- 
signment of single nonpolar electron-pair bonds between the sulphur and 
oxygens or the chlorine and oxygens in sulphate and perchlorate ions respec- 
tively as suggested by G. N. Lewis."® 


9G. N. Lewis, J.A.C.S. 38, 762 (1916). “Valence and the Structure of Atoms and Mole- 
cules,” Chem. Cat. Co., New York, 1923. 
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ABSTRACT 


A method, based on the use of Milne’s function w, for the numerical determina- 
tion of quantum-mechanical reflection coefficients in one-dimensional problems to any 
preassigned degree of accuracy is outlined. The case in which a “barrier” is both pre- 
ceded and followed by a field-free space is considered in detail, sections 2-4, and a 
numerical example is worked out, section 5. The procedure in the case in which a “bar- 
rier” is preceded by a field-free space and is followed by a potential for which Schroe- 
dinger’s equation can be solved analytically is outlined, sections 6-7, and the special 
case in which a “barrier” is followed by a uniform field is considered in some detail, 
section 8. The case in which a “barrier” is both preceded and followed by potentials 
for which Schroedinger's equation can be solved analytically is mentioned, section 8. 
Formulas are given for the evaluation in terms of y and its first derivative, of the re- 
spective densities of the dextral and of the sinistral current flowing past any point 
x in regions where the total energy is greater than the potential energy, section 6. A 
procedure is given for finding solutions representing unidirectional beams at infinity, 
section 6. 


] THE purpose of this paper is to outline a method, based on the use of 

* Milne’s function! w, by which quantum-mechanical reflection coefficients 
can be evaluated numerically to any preassigned degree of accuracy. The 
method is straightforward, and should be useful whenever the determination 
of reflection coefficients to a desired degree of accuracy by analytical methods 
is sufficiently laborious, or whenever a numerical check on an analytical cal- 
culation is advisable.? In the course of development certain relations are de- 
rived which may be of interest in other connections. No approximations of 
either mathematical or physical nature are made here, but such approxima- 
tions may be found justifiable and convenient in applying the method to 
specific physical problems. 


2. The general solution of Schroedinger’s equation set up for electrons of 
energy E moving in a field-free one-dimensional space described by the po- 
tential V=a constant (V<E£) is 


= ¥(x) = Det + = K(E — V)"2, = (1) 


where D and S are arbitrary constants, and where ( )'2, as throughout 
this paper, represents the positive square root. Writing the momentum opera- 


* National Research Fellow. 

1W.E. Milne, Phys. Rev. 35, 863 (1930). 

2 This method was originally devised to check the calculations of W. Wetzel, Phys. Rev. 
38, 1205 (1931) on the reflection coefficient of an electric condenser. 
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tor as p= —ih/2m -0/0x, we interpret the first and second term of (1) as repre- 
senting, respectively, a beam of electrons of density | D| * moving from left to 
right, and a beam of electrons of density |.S|? moving from right to left. We 
shall call these beams the dextral and sinistral, respectively. It is readily 
shown by the use of (1) that 


4a?| D|? =|’ + iap|?, and 4a?| S|? =| — 2, (2) 
so that 
|W + iap|? 
where, as in what follows, a dash denotes differentiation with respect to x. 
A generalization of (2) and (3) to the case when V = V(x) will be given in sec- 
tion 6. 


Consider electrons of energy E moving in one dimension in a field given 
by a potential V(x) of the form: 


(3) 


V(x) = Vi = const. for x < 0; V(x) = o(x) for0 < x < a; 


< 
V(x) = V, = const. for x = a, 


(4) 


and let E>V,, E>V,. The general solution W of Schroedinger’s equation is 
then conveniently divided into three sections: Y=y,; for x<0, ~=wW,» for 
0<x<a, and ~=y, for x 2a, where the subscripts /, b, and r connote “left”, 
“barrier”, and “right”, and where 


¥i(0) = ¥o(0), = ¥0'(0); = ¥-(a), = ¥,"(a). 
In particular 
Vi = + = K(E — (6) 
and 
Vr = Deir? + a, = — V,)"/2, (7) 


If Y is a particular solution for which D;=0, i.e., if it represents the special 
case in which there is only sinistral flow on the left of x =0 then the reflection 
coefficient R appropriate to V(x) and E is | D,| 2/ | S,|?. Thus, from (3): 
| + | 

’ 
| — ic, | 2 


the fraction to be evaluated anywhere in the region x =a. If we choose x =a, 
we have 


if D, = 0, then R = 


(8) 


_ + iad(@) |? 
| ¥’(a) — | 


where the y’s are not subscripted because in view of (5) it is immaterial 
whether y, or , is used at x =a. Eq. (9) is useful because it allows the evalua- 
tion of R without the explicit use of the second pair of Eqs. (5), i.e., without 


if D; = 0, then R (9) 
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evaluating the coefficients in (7).* To illustrate; if a=0, so that V(x) has 
simply a discontinuity at x =0 we write (6) in the form ~,;=exp(—ia,x) and 
obtain directly from (9) the relation R = (a,—a,)?/(a@,+a))?. 


3. If R is to be determined by numerical integration of Schroedinger’s 
equation two integrations, one for the real and one for the imaginary part of 
y, are necessary. (R cannot be determined from a real or a pure imaginary y, 
i.e. from a y representing zero current.) Integrating twice can, however, be 
obviated by using Milne’s function w. 

In his paper on the numerical determination of characteristic numbers! 
Milne proved a theorem a special case of which can be stated for our purpose 
as follows: If w=w/(x) is the particular solution of the equation 


+ @[E — V(x)]w = Bw, #0, (10) 
satisfying the conditions 
w(xo) = 1, and w’(x) = 0 (11) 


where x» and 6(8+0) are arbitrarily fixed constants, then the exact general 
solution of Schroedinger’s equation 


+ @[E — V(x)¥ = 0 (12) 


= cw exp (i8 + cow exp(- ig [ was), (13) 


where c; and c: are arbitrary constants. Thus the general solution of Schroe- 
dinger’s Eq. (12) can be expressed in terms of one particular solution of 
Milne’s Eq. (10). 

4. We write w=w, for x<0, w=, for OS xSa, and w=w, for x2a, and 
to fix the adjustable constants we consider Milne’s equation for the region 


is 


The choice of constants 8 =a; and x9=0 is seen to be advisable because it 
leads to a simple solution of (14), 


w(x) = (15) 


which satisfies conditions (11) everywhere in the region, and because it super- 
ficially simplifies (13). The integrals in (13) now integrate to x for x <0 and 
the first and second terms of (13) are recognizable (for x <0) as representing, 
respectively, a dextral and a sinistral beam with D,;=c,; and S;=ce. To use 
(9) we set Dy, i.e., c, equal to zero. Thus if Milne’s Eq. (10) is written 


— V(x)]w = a, = — (16) 


3 Eq. (9) can also be used when R is being evaluated approximately by using approximate 
v's, for example, by the method suggested by N. H. Frank and L. A. Young, Phys. Rev. 38, 80 
(1931). 

3a One integration of the differential equation being carried out, the other can be reduced 
to quadratures. Cf. Condon and Morse, Quantum Mechanics, (1929), p. 34. 
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and w is its particular solution such that 


w(0) = 1, w’(0) = 0, (17) 


= caw exp (— ian f ws), (18) 
0 


then R is given by (9); elimination of y from (9) by means of (18) yields the 
relation’ 


and if 


|w’(a) |? + [a,w(a) — ay/w(a) |? 
[w’(a) + [a,w(a) + a,/w(a) |? 


It will be noticed that while both E and V, must be fixed to determine w(a) 
and w’(a) numerically, V, remains arbitrary to the end.’ 

Discontinuities in V(x) or in its derivatives may occur at some points in 
the region 0 <x <a. If x=£is such a point the requirement of continuity of 
and y’ at — becomes, in view of (5) and (13): w(€_) =w(E,) and w’(E_) =w’(E,). 
The example below refers to a case in which a discontinuity in V(x) occurs. 


a, = K(E— V,)"2,E>V,. (19) 


5. The procedure for the numerical evaluation of R by means of (19) will 
now be illustrated by an example (to which the writers attach no physical 


RegionI—>t<— Region 

Vr 

@ 0. 0.72A 
X 


Fig. 1. Graph of V(x) and E used in the example of section 5. The heavy line represents V(x). 


significance) so chosen as to demonstrate the main points of the calculation, 
while avoiding trivial complications, such as interpolation, etc. Let E=1.5 
electron volts, V;=0, v(x) =e Fx =5.5556 10° x electron volts in “region I”: 
OS<x<0.36A, v(x) =eF(x—0.36 X 107-8) =5.5556 108 (x—0.36X10-8) elec- 
tron volts in “region II”: 0.36AS$x*S0.72A, and let V, remain arbitrary, 
though less than 1.5 electron volts. Fig. 1 is a graph of E and V(x), and the 
last columns in Tables I and II give the numerical values of v(x). Substitu- 
ting the numerical values, and expressing x in Angstrom units to avoid high 
powers of 10, we convert Milne’s Eq. (16) into Eqs. (20) and (21) for regions 
I and II, respectively. The numerical integration, including “starting”, was 
done by Milne’s method of numerical integration of ordinary differential 
equations.°® 


It follows from (5) and (13) that w:(0) =w,(0), w:’(0) =w,'(0), wi(a) =w-(a), and wy’(a) 
=w,'(a), so that w need not be subscripted in (19). 

5 To return to the example at the end of section 2: if a=0 we get the value of R directly 
from (19) in view of (17). 

6 W. E. Milne, Am. Math. Monthly 33, 455 (1926). The method is also described in J. B. 
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Tables I and II show the appearance of the writers’ calculations, with 
minor additions and omissions. The numbers which can be written down 
prior to the integration are printed in bold-faced type. The “initial condi- 
tions” for each table are printed in italics. Note the use of (17) at x=0, and 
the “fitting” of the two sections of w at x=0.36A, accomplished by taking 
the values of w and w’ at x =0.36A in Table II to be the same as those at x = 
0.36A in Table I. Also note the discontinuity of w” at x=0.36A (0.5156 in 
Table I, —0.0176 in Table IT).? 


w’’ = 0.3954w-3 — 1.4645(0.2700 — x)w = Pw — Ow (20) 
TaB_e I: 0Sx50.36A. 


x w w’ w" Pw-* Qw Q v(x) 
— .06 (1.0000) (.0026) (— .0879) (.3954) (.4833) (.4833) 

.00 1.0000 .0000 .0000 .3954 .3954 -3954 

-06 1.0001 .0026 .0878 .3953 .3075 .3075 -3333 
1.0004 .0105 .1751 .3949 , 2198 .2197 -6667 
1.0014 .0236 .2617 .3937 .1320 -1318 1.0000 
.24 1.0033 .0419 .3475 .3915 .0440 +0439 1.3333 
-30 1.0065 .0653 -4320 .3878 —.0442 —.0439 1.6667 
-36 1.0113 .0937 .5156 .3823 —.1333 —.1318 2.0000 


= 0.3954w-* — 1.4645(0.6300 — x)w = Pw-* — O'w (21) 
TABLE II: 0.36A Sx S0.72A. 


x w w" w" Q'w Q’ v(x) 
0.30 (1.0056) (0.0972) (—0.0972) (0.3888) (0.4860) (0.4833) 

-36 1.0113 .0937 —.0176 .3823 .3999 .3954 0.0000 
-42 1.0169 .0951 .0633 .3760 .3127 .3075 .3333 
-48 1.0228 .1013 -1448 .36095 .2247 .2197 -6667 
.54 1.0292 .1125 .2271 .3627 .1356 -1318 1.0000 
-60 1.0364 . 1286 .3097 .3552 .0455 -0439 1.3333 
-66 1.0447 .1497 .3927 .3468  —.0459 —.0439 1.6667 
-72 1.0545 .1757 .4762 .3372 —.1390 —.1318 2.0000 


Attention should be called to the entries in parentheses at x = —0.06A. 
These are incidental to the starting of the integration by Milne’s method, are 
calculated on the assumption that w satisfies Eq. (20) also for x <0, and are 
discarded after the integration has been started. The use of these entries can 
be avoided by adopting some other method of starting, for example a Tay- 
lor’s expansion, but the writers found Milne’s arithmetical method very 
straightforward and rapidly convergent. Similar remarks apply to the entries 
in parentheses at x = 0.30 A in Table 1I—these are calculated on the assump- 
tion that w satisfies Eq. (21) for x<0.36A. The present calculation went so 
smoothly that the use of an interval greater than 0.06A would have been 
justifiable. 


Scarborough’s “Numerical Mathematical Analysis,” Johns Hopkins Press, (1930), but Scar- 
borough does not give Milne’s method of “starting,” or the use of formula (14) of Milne’s paper 
just quoted. The use of this formula is quite important in preventing oscillations, and in early 
detection of the computer’s errors. 

7 If V(x), rather than V'(x), had a discontinuity at x=0, the entries for w and w’ at x=0 
in Table I would be 1.0000, and 0.0000, respectively, but the entry for w’’ would differ from 
0.0000. 
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The numerical integration thus yields the values: 
w(a) = 1.0545, w’(a) = 0.1757, (@ = 0.72A), (22) 
and using a; =xE'/?=.6288 (Angstrom units~') we have from (19): 


[0.1757]? + [1.0545e, — 0.6288/1.0545 |? 
~ [0.1757]? + [1.0545a, + 0.6288/1.0545]?. 


where a, remains arbitrary. Taking, for example, V,=0 so that a, =a; we get 
R = 0.0219. 


A few remarks may be added: (1) Every line in Tables I and ITI allows the 
evaluation of R (for E=1.5 electron volts) as a function of V, for a certain 
kind of a barrier. For example, the entries at x =0.54A allow the evaluation 
of R from (19) for a barrier which at, and to the left of, x =0.54A is precisely 
like the barrier described above, but for which V(x) becomes the constant 
V, at,and to the right of, x =0.54A. (2) It is not necessary that the functional 
form of v(x) be known—the method can be applied equally well when 2(x) is 
given numerically, provided that the data are “smooth”, except for isolated 
discontinuities. (3) The numerical values of w and w’ being available, any 
particular solution of Schroedinger's equation, for the V(x) and E used in the 
calculation of w and w’, can be constructed by means of (13). Eq. (18) should 
be used for this purpose only if a solution representing a purely sinistral beam 
for x <0 is desired. (4) If for some interval within 0 <x <a a simple analytical 
expression is available for y or for w, it may be convenient to bridge the nu- 
merical integration across this interval analytically. 

6. Our next problem is to consider the case in which V(x) is not constant 
for x 2a, but is some function of x, say V,(x), for which the general solution 
of Schroedinger's equation is available. In this connection it will be necessary 
to set up a method for finding particular solutions which represent, respec- 
tively, purely dextral and purely sinistral flow for infinitely large values of x. 
We shall denote these solutions by Wp. and Ws., respectively, the arbitrary 
multiplicative constants being supposed to be absorbed in these symbols.® 

Let yW (not identically zero) be a particular solution of Schroedinger’s 
equation for a potential V(x) and total energy E. When the state of affairs is 
described by this y electrons flow in general, in both directions past any 
point x, and we can speak of the dextral and of the sinistral current flowing 
past x. The difference between these, the resultant current, is independent 
of x, but each of the two component currents in general varies from point to 
point, because, in general, partial reflection of the electron waves takes place 
at every point. Now, let us consider a region in which E> V(x), set a(x) = 
x[E— V(x) ]!/2, and define two functions of x, | D(x)|2, and | S(x)|?, by the 
relations :** 


8 The functions yp,, and ys,, need not exist for any given V(x) or for any given combina- 
tion of V(x) and E. 

8a The notation on the right-hand sides of (25) and (26) is ambiguous. The two outside 
bars are meant to form one pair, and the two inside bars the other pair. 
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4| a(x) |?| D(x) |v + é| a(x) | 
4| a(x) |?| S(x) — i] a(x)| ?. 


Comparison of (25) with (2) suggests that | D(x)|? and | S(x)|2 may possibly 
be interpreted as representing the respective densities of the dextral and the 
sinistral current flowing past x. That this interpretation is justified is shown 
most easily by a reference to the work of Hill,? who writes the general solu- 
tion of the one-dimensional Schroedinger’s equation as a sum of two terms 
(neither satisfying Schroedinger’s equation independently) one of which re- 
presents purely dextral and the other purely sinistral flow. [Substitution of 
Hill’s y into the right-hand sides of (25) shows that when a is real our | D(x) |? 
and | S(x)|? are equal, respectively, to Hill’s | Ci(x)|* and | C2(x)|*, which 
proves the point in question. (Note the distinction between Hill’s and our 
a’s). The proof can also be based on a consideration of the identities™ 


and 


(25) 


—W = 2i| «| [| D(x)| —| S(x)| 


where 
2ila|D(x) = +ila| 2i]a|S(x) = — =a(x). 


It will be noticed that although we restricted ourselves to positive values of 
a, we write |a| for a. We do this because this allows the equations above to 
be formally satisfied in regions where a? <0. It is not necessary to make this 
generalization for the purpose of the present paper, nor is it necessary here 
to seek any physical interpretation for | D(x)|? and | S(x)|? for a? <0. ] 

In view of this physical interpretation the ratio of the density of the dex- 
tral to that of the sinistral current flowing past x is® 


| D(x) |? _ |W + 
| S(x)|? — él a(x)|y|? 


Therefore the functions pp. and Ws, referred to above can be defined by the 
relations: 


» (a? > 0). (26) 


if — il a(x)|~¥>0 as + then is a (27) 
and 

+ ilif Ya(x)|y—>0 as + then y is a (28) 
and whenever they exist it should be possible to find them as follows:'® let 


® E. L. Hill, Phys. Rev. 38, 1258 (1931). 

%s Tt now appears to the writers that the consideration of these identities may not consti- 
tute a rigorous proof even when the time dependence of y is taken into account, and that the 
argument should be based directly on Hill’s work. 

10 The work of R. H. Fowler and L. Nordheim, Proc. Roy. Soc. A119, 173 (1928), may be 
quoted as an instance in which the necessity of finding y D, arises. These writers test the uni- 
directionality of flow by evaluating yy. The present method has the slight advantage in the 
fact that it tests not only for unidirectionality but also for the direction of flow. 


q 
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and be two known, linearly independent W’s; we write Wp.=Ai~it 
Ao. and determine, say, Az in terms of Aj, so as to satisfy (27); evaluation of 
Ws. is done in a similar way, using (28). Now, Eq. (28) is satisfied by the 
complex conjugate of Yp,. (The matter of writing || for a@ is trivial in this 
connection, because the only case of interest to us here is that in which a be- 
comes real as x). Therefore Pp. and Ws. are linearly independent, and, 
furthermore, we can make the matter of multiplicative constants more defi- 
nite by requiring that 


— asx—-+o. (29) 


7. A method of determining a Wp, and a ws,, for the region x2a being 
available, we proceed to find the formula for R. In view of the linear indepen- 
dence of Wp. and Ws, we can write ¥,=Dyp.+SwWs., where D and S are to 
be determined so as to satisfy the second pair of Eqs. (5). If, furthermore, 
¥:=Siexp (—iarx), then R=|D\|?/| S|?, provided (29) is satisfied. Now, the 
W given by (18) is of the required form for x $0, and we proceed to join WY» 
and y, at x=a 


¥(a) = cow(a) exp (- ia; = Dn,,(a) + Sys,,(a) (30) 


¥'(a) = — iayw"(a) | exp = +Sy¥s,(a). (31) 


Solving (30) and (31) for D and S, and substituting into R= | D\?/ 


get the result: 


S|? we 


| [w'(a) — — |? 
where w(a) and w’(a) are to be found by numerical integration of (16) with- 
out the necessity of specifying any of the y’s. 

8. One of the most interesting physical situations in which the problem of 
evaluating R arises is the case in which a constant potential for x <0 is fol- 
lowed by a potential barrier in the region 0 <x Sa, which, in turn, is followed 
by a constant field in the region x 2a, and we shall now consider this case to 
illustrate the procedure outlined above. We have: 


V,(x) = C — Fe(x — a), (33) 


and the available linearly independent solutions for this region are y= y'/? 
Jyjx(Z) and where Z=2/3y*?, 
and where the J’s denote Bessel’s functions. We set Wp. =Ai~itAoye, use 
the asymptotic expansions of the J’s for large values of x, and find that to 
satisfy (27) it is necessary that A,= —A,exp(i7/3), so that Wp, is a constant 
times y!/?77,)3(Z), 7 denoting the Hankel’s function of the first kind." 
We find in a similar way that Ws,, is a constant times y!/*J/;)3 (Z) so that (29) 
is satisfied if we take, for example 


1 The difference in the sign of 7 between this result and that of Fowler and Nordheim, 
reference 10, is due to a difference in the definition of the momentum operator. 
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Vd. = Ys. = (34) 


We now use these functions and their derivatives, evaluated at x=a, to 
eliminate the y’s and their derivatives in (32). 

A completely worked out numerical example would be out of place here, 
because it appears that the most laborious part of the calculation in a simple 
example is the evaluation of the functions (34) and of their derivatives at 
x =a, the evaluation which is intimately connected with the case of a con- 
stant field, and which cannot be avoided by the use of other exact methods 
than that outlined here. Suffice it to say that, for example, using the numeri- 
cal values of w and w’ atx =0.72A given in Table II, we can calculate R for a 
potential of the form given in Fig. 2, where the potential for x <a is exactly 
like that in Fig. 1, but where it is of the form (33) for x 2a, the dotted lines 
representing two of the various possibilities. In the case E<C one must be 
careful to use properly the functions J, J, H, as outlined by Fowler and Nord- 
heim.*°"! If a =0, i.e., if the constant field follows the constant potential with- 


Barrier 


3 
3 
Wo 
0. O.72A 
X 


Fig. 2. Graph of V(x) and E referred to in section 8. The heavy line represents V(x) for 
x Sa, the dotted lines represent two of the possibilities for V(x) for x2a. 


out the intervention of a “barrier”, we put in (32) w(0)=1, and w’(0)=0 
from (11), and the writers verified that then (32) yields the equation at the 
top of page 178 of Fowler and Nordheim’s paper. 

It may be added that the present methods are readily extended to the case 
in which V(x) is not constant for x <0, but is some function of x for which the 
general solution of Schroedinger’s equation is available. In this case one would 
start with a y representing purely sinistral flow at — ©, and determine c¢ and 
C2 in (13) so as to satisfy the requirements of continuity at x =0. From then 
on the procedure would be exactly that of section 7, although the formula for 
R would be more complicated because now both ¢, and cz would appear in 
the equations corresponding to (30) and (31). The numerical integration of 
Milne’s equation, however, would proceed exactly as in the simpler cases. 

The writers wish to acknowledge the benefits they derived from discuss- 

_ sions with Professor E. L. Hill. 


Note added to proof. In this paper we adapted the method of fitting the 
y's, at points where V(x) or V’(x) is discontinuous, by means of fitting the 
w’s, because this method appears simpler from the numerical standpoint, as, 
for example, it permits the calculation of R without a reference to the numer- 
ical values of y and y’ anywhere in the region, and, since it preserves the form 
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(18), it allows expressing R by (19), in which no exponentials occur. However, 
the y's can also be fitted by the more familiar procedure of readjusting the 
coefficients c; and cz in (13). In fact, one is at liberty to change w, w’, and B, 
in any way consistent with Milne’s theory, at any stage of the calculation 
even if V(x) and V’(x) are continuous, provided that the c’s are readjusted. 
When this paper was being written it was overlooked that if v(x) is periodic 
this alternative procedure may in certain cases be simpler than the one de- 
scribed, because the additional labor involved in the calculation of the c’s may 
be outweighed by the fact that the numerical integration is shortened. To 
illustrate, let us return to the example of section 5, in which v(x) is periodic. 
We can carry out the calculation in that case as follows: we find y and y’ at 
0.36A using (19) and the last line of Table I, write y in the form (13) for re- 
gion II, assume the values w=1, w’=0 at 0.36A for this region, and deter- 
mine and ¢ by fitting the We then calculate and at 0.72A from the 
last line of Table I, using (13) and c¢ and ce, and finally find R from (9). In 
this example the method of fitting the w’s turns out to be simpler than this 
alternative method, even though in the latter one need not calculate Table II 
at all, but if v(«) has several periods within the barrier, or if the numerical 
integration over a period is long, the latter method is likely to be advanta- 
geous. This alternative method is readily extended to the case in which (x) 
consists of periodic and nonperiodic sections, and as was already mentioned 
can be used equally well when v(x) and v’(x) are continuous. 

It will be noticed that if this alternative method be adopted in a given 
problem, then the quadrature in (13) must be carried out. The question there- 
fore arises as to whether it may not be advisable then to integrate Schroe- 


dinger’s rather than Milne’s equation. The writers tend to the opinion that, 
in general, the integration of Milne’s equation is to be preferred even in this 
case, because it appears that systematic numerical readjustment of the c’s can 
be carried out more easily when y is given in the form (13). (The footnotes 
marked a were also added in proof.) 
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ABSTRACT 


The known values of the nuclear moment are classified in four divisions accord- 
ing to even and odd nuclear number and even and odd atomic number. All of the 31 
cases are consistent with, and 12 cases in two divisions definitely support the hypo- 
theses that: 1st, The electrons in the nucleus have no spin; 2nd, The protons have a 
spin of 1/2 in units of h/27. These hypotheses are applied to the building up of the 
nuclei of equivalent protons, and the results indicate that: (1). There is an analogy 
between the construction of the nucleus of equivalent protons and the construction of 
the extranuclear portion of the atom of equivalent electrons. (2). Five quantum num- 
bers are associated with the proton, corresponding to the five quantum numbers of the 
electron. (3). The rules of Pauli and Hund may be applied to the protons. (4). (#7) 
coupling predominates for the protons. (5). The nuclear moment is to be identified with 
the inner protonic quantum number of the normal nuclear state. (6). The nuclear mo- 
ment J is in general the smallest J of the lowest J-group. (7). The order of filling of 
the protonic subgroups is somewhat similar, especially for small nuclear numbers, to 


the order of filling of the electronic subgroups of an atom. 


HE total nuclear moment of momentum is determined from observations 

on the hyperfine structure of line spectra and the intensity alternation in 
band spectra. Its value is known for about 21 elements, not including about 
8 which are at present doubtful. 

The available values of the nuclear moment J are classified in four divi- 
sions and listed in Tables I and II according to even and odd atomic number 
Z, and even and odd nuclear number P. The nuclear number P is a number 
equal to the total, not net, positive nuclear charge; it is also equal to the num- 
ber of protons in the nucleus. 

Inspection of the values in Table II proves that the integral and frac- 
tional values of the nuclear moment in the four Z-P classes are consistent 
with the hypotheses that: (1). The electrons in the nucleus have no spin.' 
(2). The protons have a spin of } in units of h/27. 

It is the fact that the electrons have a spin of } in units of 4/27 in atoms, 
ions, and molecules which gives rise to the rules of Pauli and Hund for deter- 
mining the electronic configuration of a given number of equivalent electrons 
and the spectroscopic term of the normal state. But it is apparently the pro- 
tons in the nucleus, not the electrons, which have a spin of }. Therefore, we 
may assume that it is to these nuclear building blocks that the rules of Pauli 
and Hund must be applied. Thus by an adaption of the rules used in atomic 
spectra, the protonic configuration of the nucleus and its normal spectrosco- 


1 R. de L. Kronig, Naturwiss. 16, 335 (1928). 
1989 


4 
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TABLE I. Classification of nuclear moments observed values. 


I a Ff I Z P I Zz P I 
Odd Odd Obs. Odd Even Obs. Even Even Obs. Even Odd Obs. 


H 1 1 1/2 ,| Li 3 6 O He 2 4 0 | Cd 48 111 1/2 


113 1/2 
Li 3 73/2|N 7 141 /C 6 12 «O 
Hg 80 199>1/2 


F 9 19 1/2 S 16 32 0 201>1/2 
Na 11 2321/2 Ca 20 40 0 | Pb 82 207 1/2 
44 0? 
17 $/2 
Fe 26 54 0? 
K 19 4 0? 56 0 
4 
Kr 36 78 0? 
Mn 25 55 5/2 80 0? 
82 0? 
Br 35 79 3/2? 84 0 
81 86 0 
Rb 37 8521/2 Sr 38 86 0? 
87 88 0 
Cu 29 63 Cd 48 110 0? 
65 0? 112 0 
114 0 
Ag 47 107 116 0? 
109 0? 
Ba 56 138 0 
In 49 115 1/2 
Hg 80 196 0? 
Sb 51 121 198 0 
123 3/2? 200 0 
202 0 
I 53 127 large 204 0? 
Cs 55 13321/2 Pb 82 206 0 
208 0 


La 57 139 5/2 
Pr 59 141 5/2 


Tl 81 203 1/2 
205 1/2 


Bi 83 209 9/2 


The nuclear moments of H, He, Li, C, N, O, F, S, Cl, I, are given by R. S. Mulliken, 
Reviews of Modern Physics 3, 154 (1931). For Li, Na, Rb, Cs, Cd, Pr, La, Tl, Bi, see Chapter 
XI of be Structure of Line Spectra by Pauling and Goudsmit; in addition there may be 
mentioned: 

Li—P. Guttinger, W. Pauli, Zeits. f. Physik 67, 743 (1931). 

K, Cu, Ag, Sr, Ba—S. Frisch, R. de L. Kronig, Naturwiss. 21, 444 (1931). 

Mn—H. E. White, N. Ritschl, Phys. Rev. 35, 1146 (1931). 

In—J. C. McLennan, E. J. Allin, Proc. Roy. Soc. A129, 208 (1930). 

Pb—H. Hopfermann, Naturwiss. 19, 400 (1931). 

Kr—C. J. Humphrey, B. S. J. R. 5, 1041 (1931). 

Hg—S. Tolansky, Proc. Roy. Soc. A130, 558 (1931); H. Schuler, Naturwiss. 43, 895 (1930). 

TI—H. Schuler, J. E. Keyston, Naturwiss. 15, 320 (1931). 

The isotopes in Tables I and VI are principally from the data of F. W. Aston, Phil. Mag. 
49, 1199 (1925), and 

S—Proc. Roy. Soc. A115, 509 (1927). 

Kr, Xe, Hg—ibid. A126, 521 (1930). 

Cr, Zn, Mo, Sn—+bid. 130, 307 (1931). 

Ru, Os—Nature Feb. 14, 1931. 
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W—Nature Dec. 13, 1930. 


The isoto 
Be—W. 


determined from band spectra are: 
. Watson, A. E. Parker, Phys. Rev. 37, 167 (1931). 


C—A. S. King, R. T. Birge, Phys. Rev. 34, 379 (1929). 
N—S. M. Naude, Phys. Rev. 36, 333 (1930). 


O—H. D. Babcock, Phys. Rev. 37, 227 (1931). 
TaBLe II. Origin of nuclear moment. 
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Atomic Nuclear Observed No. of Proton Electron | Proton plus 
No. No. nuclear certain spin spin electron 
Z P moment cases spin 
Odd Odd Fractional 11 Frac. Integ. Frac. 
Odd Even Integral 1 Integ. Frac. Frac. 
Even Even Integral 16 Integ. Integ. Integ. 
Even Odd Fractional 3 Frac. Frac. Integ. 


pic state may be determined. The inner quantum number J of the normal 
nuclear state is identified with the total moment of momentum of the nucleus 
in units of 4/27, just as the inner quantum number J of the normal electronic 
state of the atom is proportional to the total moment of momentum of the 
electrons in that configuration. 

The first step in the application of these rules is to assume that associated 
with the proton in the nucleus are five quantum numbers analogous to the 
five quantum numbers of an electron in an atom, namely: 


Taste IIT. 
Quantum number of Electron Proton 
Total quantum number n t 
Azimuthal quantum number l k 
Inner quantum number j 1 
Magnetic quantum number m q 
Spin quantum number s r 


Also it is assumed that these five protonic quantum numbers obey the same 
rules of composition and selection as the corresponding electronic quantum 
numbers. 

The second step is the building up of the nuclei with successive subgroups 
and shells of equivalent protons. According to the exclusion principle of Pauli, 
there are 2(2k+1) equivalent protons in a complete subgroup and 2? equiva- 
lent protons in a complete shell. 

The construction of the Periodic System of the Isotopes is the third step. 
For this a knowledge of the order in which the protonic subgroups are filled 
is indispensable. Precisely as in the case of the Periodic System of the Ele- 
ments, it appears one must rely, in the final analysis, upon spectroscopic evi- 
dence. There are more than 200 isotopes. The necessary spectroscopic evi- 
dence (nuclear moments) is known for about 30 isotopes, an insufficient num- 
ber to determine uniquely the order of the protonic subgroups in the Periodic 
System of the Isotopes. Therefore we will proceed by analogy and assume for 
trial an order of filling of the protonic subgroups similar to that of the elec- 
tronic subgroups. The nuclear number P increases slightly more than twice as 
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fast as the atomic number Z, so the Periodic System of the Elements can be 
used as a guide for only the first half of the Periodic System of the Isotopes. 
The last half is completed by extropolating the dominant regularities of the 
first half. The resulting tentative order of the protonic subgroups is given in 


Table IV. 
TABLE IV. Tentative order of filling protonic subgroups. 
Equiv. No. per Total No. | = Equiv. No. per Total No. 
protons subgroup protons protons subgroup protons 
1s 2 F 7s 2 88 
5f 14 102 
2s 2 4 6d 10 112 
2p 6 10 7p 6 118 
3s 2 12 8s 2 120 
3p 6 18 5g 18 138 
of 14 152 
4s 2 20 7d 10 162 
3d 10 30 8p 6 168 
4p 6 36 
9s 2 170 
5s 2 38 6g 18 188 
4d 10 48 if 14 202 
5p 6 54 &d 10 212 
9p 6 218 
6s 2 56 
4f 14 70 10s 2 220 
5d 10 80 6h 22 242 
6p 6 86 7g 18 260 


The fourth step is the determination of the predominating interaction or 
“coupling scheme” for the protons. Consider (kr), (Js) in atomic spectra, and 
(iz), (jj) in atomic spectra, as two representative extremes. It will be recalled 
that there is a tendency in atomic spectra, particularly for atoms of large 
atomic number Z, especially if the atom is ionized, to depart from (/s) coup- 


TABLE V. Theoretically lowest I value or group with (kr) and (ii) coupling. 


Proton T for T for 
config. | (kr) coupling (77) coupling 
g 1 7/2 7/2 
2 6 0 2 + 6 
3 15/2 3/2 5/2 7/2 9/2 11/2 18/2 
4 8 0 (2)? (4) 5 6 8 
5 15/2 3/2 5/2 7/2 9/2 11/2 15/2 
6 6 0 2 4 6 
7 7/2 7/2 
8 0 0 
9 9/2 9/2 
10 8 0 
11 21/2 3/2 $72 12 o° 8 11/2 13/2 15/2 17/2 21/2 
12 12 (0)? (2)? 3 5  (6)3 7 (8)? 9 10 12 
13 25/2 1/2 a2 G7» (7/2)? (9/2)8 (11/2)? (13/2)? (15/2)? (17/2)? 19/2 
/ 
14 12 (0)? (2)? 3 (4) 5 (6)? 7 (8)? 9 10 12 
15 21/2 3/2 $/2 7/2 (9/2)?11/2 13/2 15/2 17/2 21/2 
16 8 0 2 4 6 8 
17 9/2 9/2 
18 0 0 
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ling and to approach closely (jj) coupling. Thus it would appear reasonable 
for (iz) coupling to predominate in the nucleus, for all nuclei are ionized and 
the nuclear number P may attain a value twice that of the atomic number Z. 
Deviations from (iz) coupling in the nucleus would be expected to occur pri- 
marily for the lighter nuclei which are composed of equivalent s and p pro- 
tons. In these cases, however, the lowest protonic inner quantum number J 
is, with one exception, the same for both coupling schemes. 

The theoretically lowest J value or group for equivalent g protons? with 
(kr) and (77) coupling are listed in Table V. 

The observed and theoretical values of the nuclear moment have been 
compared for all the known isotopes as indicated in Table VI which lists the 


TABLE VI. Comparison of observed and theoretical nuclear moments. 


Nuclear Isotope Equiv. Theo. nuclear | Obs. nuclear 
No. percent protons moment J moment Jo 


100 Is 1/2 


0 
2s 


2p 


Conan Ne 


Coo 


0 


1 (3st, 3p? ?) 


88 


AUF ANP NK NK 


3 Li 
3 Li 
4 Be 
4 Be 
5 B 
5 B 
6 C 
6 C 
7 N 
7 
8 O 
8 O 
8 O 
9 F 
0 Ne 


_ 


first 20 isotopes. This comparison shows that: 


A. Alternation rule: The nuclear moments I have integral values for even nuclear 
numbers P, and half-integral values for odd nuclear numbers. 


The apparent exceptions are K, Cu, and Ag in whose atomic spectra no 
fine structure has as yet been observed. It is probable that further examina- 
tion of their spectra will reveal a fine structure. This is a very important rule 
because if it can be contradicted experimentally the analogy upon which this 
paper is based fails. 


? For equivalent s, p, d, f protons with (kr) coupling see the paper of Gibbs, Wilber, and 
White, Phys. Rev. 29, 790 (1927). For equivalent s, p, d, f, protons with (i) coupling see the 
paper of S. D. Bryden, Phys. Rev. 38, 1145 (1931). 


Atomic 
No. 
1H 
2 He |_| 0 0 ' 
1/2 
a 0 0 
3/2 3/2 
3/2 
10 0 
11 3s 1/2 
12 0 | 
13 3p 1/2 
14 0 
15 3/2 
16 0 0 
17 3/2 
18 0 
19 4s 1/2 1/2 
| 20 0 1 0 
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B. The observed nuclear moment I is one of the values allowed by Pauli’s exclu- 
sion principle. 


The exceptions are: (a) Mn® indicating 4f, not 6s, starts at P=55. (b) 
3d°-4p* instead of 3d'° (c) indicates following order: 5f, 6d, 
7s, 7p. 


C. The observed nuclear moment I is one of the values of the lowest I group with 
(ti) coupling. 

The exceptions are: (a) N™ 3s! 3p} instead of 3s*-3p?? (b) In" indicates 
following order 5f, 6d, 7s, 7p. (c) Pb*°? smallest J of next to lowest J group. 


D. The observed nuclear moment I is the smallest I of the lowest I group. 


The exceptions are: (a) Pr! next to smallest J value. (b) Bi?®® largest J 
value. 

The exceptions to B, C, D, indicate: (1) Departures from the tentative 
order of filling of the protonic subgroups given in Table IV occur particularly 
for nuclear numbers greater than 55. Making the suggested changes in the 
order of the subgroups brings all observed nuclear moments into agreement 
up to nuclear number 119. (2) There is little definite evidence for deviation 
from (ii) coupling. Absence of data makes deviation from (iz) coupling indis- 
tinguishable from incorrectly assigned protonic configuration. If, for example, 
it is assumed that the assigned protonic configurations of Pr and Bi are cor- 
rect, then their exceptions under D above indicate a tendency toward (kr) 
coupling. This is suggestive. (3) The exceptions may be due to incorrect ex- 
perimental values of the nuclear moment. 

The agreements with A, B, C, D, indicate that: (1) There is an analogy 
between the construction of the nucleus of equivalent protons and the con- 
struction of the extranuclear portion of the atom of equivalent electrons. (2) 
The rules of Pauli and Hund may be applied to the nuclear protons. (3) (72) 
coupling predominates for the protons. (4) The nuclear moment is to be 
identified with the inner protonic quantum number of the normal nuclear 
state. (5) The nuclear moment J is in general the smallest J value of the 
lowest J-group. (6) The order of filling of the protonic subgroups is somewhat 
similar, especially for small nuclear numbers, to the order of filling of the 
electronic subgroups of an atom. 

It is suggested that the nuclear moment be determined for those elements 
which have an appreciable fraction of their isotopes with an odd nuclear 
number, for example, P, Cs, Na, Be, Al, K, Sc, V, Co, As, Y, I, Xe, W, Os, 
Hg, etc. This will give the information necessary for verifying and correcting 
the assumed order of filling of the protonic subgroups. 

This method of building up the nuclei from equivalent protons with the 
aid of the rules of Pauli and Hund will, if correct, correlate and predict other 
nuclear phenomena. 
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A NOTE ON THE EXCITATION OF THE ARC SPECTRUM OF 
NITROGEN 
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DEPARTMENT OF PuysIcs, THE UNIVERSITY OF BRITISH COLUMBIA 


(Received August 28, 1931) 


ABSTRACT 


The arc spectrum of nitrogen has been excited with low voltage arcs in mixtures of 
argon and nitrogen. A comparison of the intensities of the lines showed that the strong 
N I lines were as intense as the moderately strong argon lines. The excitation takes 
place probably in two steps, the first being the dissociation of the nitrogen molecules 
into normal and metastable nitrogen atoms by collisions with metastable argon 
atoms, and the second being the excitation of the metastable nitrogen atoms by col- 
lisions with metastable argon atoms. 


INTRODUCTION 


T IS known from the work of Johnson,'! Cameron,? McLennan and Shrum* 

and others that the presence of a rare gas often modifies the character of 
the spectra emitted by diatomic gases. By this means Merton and Pilley* 
excited the arc spectrum of nitrogen by passing a discharge through a Geiss- 
ler tube containing helium and a trace of nitrogen. They also tried mixtures 
of argon and nitrogen but with moderate currents obtained no evidence of 
the N I lines. They accounted for the emission by assuming that the helium 
atoms acted as safety valves limiting the electron velocities to 20.5 volts, 
which is greater than that required to excite the arc lines but less than the 
excitation potential of the spark lines. At about the same time Compton® 
suggested that metastable helium atoms were the effective agents. He showed 
that in mixtures of helium and nitrogen a high current density should be 
favorable to the dissociation of the nitrogen molecules into neutral atoms by 
collisions with metastable helium atoms. 

Many new N I lines were found by Duffendack and Wolfe’ who used a 
high current density in mixtures of helium and nitrogen. They found that 
the lines were more intense in low voltage arcs than in Geissler discharges. 
This is in agreement with Compton, since the higher current density of the 
low voltage arc tends to produce a higher concentration of metastable helium 
atoms. Compton predicted that the N I spectrum would not be excited in 
mixtures of argon and nitrogen, since at the time the heat of dissociation of 
the nitrogen molecule was believed to be about 19 volts, which was much 


1 Johnson, Roy. Soc. Proc. A108, 343 (1924); Phil. Mag. 48, 1069 (1924); Roy. Soc. Proc. 
A106, 195 (1924). 

2? Cameron, Phil. Mag. 1, 405 (1926). 

3 McLennan and Shrum, Roy. Soc. Proc. A108, 501 (1925). 

* Merton and Pilley, Roy. Soc. Proc. A107, 411, (1925). 

5’ Compton, Phil. Mag. 50, 512, (1925). 

6 Duffendack and Wolfe, Phys. Rev. 34, 409 (1929). 
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higher than any of the resonance potentials of argon. According to the work 
of Kaplan,’ however, the heat of dissociation of molecular nitrogen must be 
taken as 9.1 volts rather than 19 volts and since there are strong metastable 
levels of argon at 11.5 and 11.67 volts, which are sufficient to dissociate the 
nitrogen, it seemed reasonable to expect that under favorable conditions the 
N I spectrum could be excited in mixtures of argon and nitrogen. 


EXPERIMENTAL 


In accordance with the above considerations a low voltage arc discharge 
tube was used in this investigation. It was made of Pyrex glass 25 mm in 
diameter and 50 cm in length, with the electrodes in bulbs sealed to the side 
of the tube. This design made it possible to use the tube “end-on” so as to in- 
crease the intensity. The hot cathode consisted of an internally heated nickel 
cylinder coated with a thin layer of barium and calcium oxides. Liquid air 
traps were used wherever necessary to keep the tube free of mercury vapor. 

Before each set of experiments the discharge tube was thoroughly ex, 
hausted and baked at a temperature of 350°C. For purposes of degassing the 
electrodes were brought to a red heat by passing a high current discharge 
through the tube. 

It was found convenient to use commercial argon purified by means of a 
magnesium arc, while the nitrogen was generated by heating a mixture of 
sodium azide and alumina. 

The argon pressure most suitable to the passage of high currents was 
found to be 1 to 3 mm while a nitrogen partial pressure of 0.01 to 0.3 mm was 
found satisfactory for the excitation of the N I lines. The best results were 
obtained with discharge currents of the order of 2 amperes at 70 volts. 

A Hilger E-I quartz spectrograph for the region 3200 to 6000A and a Hil- 
ger constant deviation spectrograph with a flint glass prism for the region 
6000 to 9000A were used. With the quartz spectrograph one hour exposures 
were sufficient to record all the N I lines observed. The strong lines could 
easily be photographed in ten minutes. With the flint glass spectrograph one 
hour exposures were taken. 

The wave-lengths of the lines were measured by using international iron 
lines for comparison, and the relative intensities determined with a Moll 
selfregistering microphotometer. 


RESULTS 


In the region from 3400 to 5000A the plates showed most of the intense 
lines and many of the weak lines of the N I spectrum found by Merton and 
Pilley and by Duffendack and Wolfe. Many of the weaker lines were ob- 
scured by the positive bands of nitrogen which were usually present when the 
arc lines were strong. The negative bands of nitrogen were not present on any 
of the plates. It was found that higher nitrogen pressures were required to 
bring out the arc lines in the longer wave-length regions than in the violet 
and ultraviolet. The higher pressures also brought out the first positive 


7 Kaplan, Phys. Rev. 33, 638, (1929). 
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bands prominently and this together with the small dispersion prevented the 
identification of any lines in the region 5000 to 8000A. Some of the more 
intense lines above 8000A were photographed by using the flint glass spectro- 
graph and infrared sensitive plates. 

A comparison of photographic densities made from the microphotometer 
curves showed that the relative intensities of the lines were, in most cases, 
the same as those found by Duffendack and Wolfe in mixtures of helium and 
nitrogen. It was found that the stronger arc lines were as intense as the moder- 
ately strong argon lines. The lines observed are given in Table I. 


TABLE I. Observed lines of N I. The first two columns contain the wave-lengths and the inten- 
sities of the lines in helium mixtures as given by Duffendack and Wolfe. In the third column are 
listed the estimated intensities in argon-nitrogen mixtures. 


Intensity Intensity Intensity Intensity 
Wave-lengths in He in A Wave-lengths in He in A 
(1.A.) mixture mixture (1.A.) mixture mixture 
8711.9 2 2 4554.21 1 1 
8703 .4 2 unresolved 4553.38 1 1 
4503 .53 1 0 
8686.4 3 5 4502.27 2 2 
8683 .6 4 unresolved 
8680 .3 5 unresolved 4499 .08 0 1 
4492.40 7 4 
8629.5 4 2 
4358.27 10 8 
8594.3 3 1 4313.11 4 2 
4305 .46 6 4 
8242.5 4 3 
4230.35 4 2 
8223.3 5 10 4224.74 4 2 
8216.45 7 unresolved 4223.04 5 3 
8210.9 3 unresolved 4215.92 2 1 
4214.73 5 3 
8188.2 5 7 
8185.0 5 unresolved 4187 .06 1d 1d 
4151.46 12 9 
4935 .03 10 10 4143.42 obscured by He 1 
4914.90 5 4 4137.63 7 2 
4114.00 6 4 
4881.79 1 1 4109.98 12 12 
4753.13 2 2 4099 .94 9 10 
4669.77 3 6 3834.84 2 1 
4660 .05 2 3 3834.24 4 3 
4657.72 1 0 3830.39 9 4 
4656.65 1 0 3822.07 6 2 
4651.08 1 3 
3650.19 5 1 
3532.65 4 0 
DiIscussION 


The two important agencies for the dissociation of the nitrogen molecules 
and for the excitation of the atomic spectrum are collisions with electrons and 
with metastable argon atoms. Many experimenters have shown that electron 
impacts seldom produce simple dissociation of nitrogen molecules. In fact, 
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Duncan® has shown that the only atomic spectrum excited by electron bom- 
bardment is the spark spectrum, and this results only when the electrons have 
energy of 70 volts or more. He found that electrons with energy of the same 
order as the heat of dissociation of the nitrogen molecule or as the resonance 
potentials of argon did not excite any line spectrum of nitrogen, but were 
evidently totally consumed in exciting the molecular spectra. It seems reason- 
able to assume that since the nitrogen molecules are not dissociated by elec- 
tron impacts, they must be dissociated by collisions with metastable argon 
atoms. Moreover a metastable argon atom has sufficient energy (11.5 or 11.67 
volts) to dissociate a nitrogen molecule into a normal atom and a metastable 
atom, since this requires the sum of the energy required to dissociate the 
molecule into two normal atoms (about 9 volts’-*), and the energy necessary 
to raise one of the atoms from the normal state 4S,;(2*) to the metastable 
*Do.1,(2p*) states (2.37 volts), a total of about 14 volts. As this is in close 
resonance with the energy of the metastable argon atoms it is probable that 
a nitrogen molecule would be dissociated into a normal atom and a metastable 
atom by a collision with a metastable argon atom. 

It is also probable that the metastable argon atoms are the active agents 
for the excitation of the nitrogen atoms. According to the classification of 
Ingram’ and of Compton and Boyce" the nitrogen atom has energy levels 
varying from 10.3 to 14.2 volts, as well as metastable levels at 2.37 and 3.56 
volts. Thus a metastable argon atom could excite a normal nitrogen atom to 
levels as high as 11.67 volts energy, or a metastable nitrogen atom (2.37 
volts) to levels as high as 14 volts energy. Also it is known that there is a high 
concentration of metastable argon atoms in high current low voltage arcs. 
Thus the nitrogen arc spectrum could be excited with considerable intensity 
by metastable argon atoms. Electrons with energy of the same order are 
present in the discharge and could also excite the nitrogen atoms. However 
the number of collisions between electrons and nitrogen atoms is small com- 
pared with the number of collisions between electrons and argon atoms be- 
cause the nitrogen pressure is much lower than the argon pressure. Thus, 
since the stronger N I lines are of the same order of intensity as the argon 
lines, it is probable that metastable argon atoms are the most important 
agents in the excitation of the nitrogen atoms. 

According to the classification of the N I lines, the initial levels of the 
lines reported arise from the configurations 3p°3p and 3p°4p. The excitation 
potentials of all these levels lie between 11.7 volts for the *D, state (built 
upon *P, 2° of the ion) and 13.85 volts for the 2P,; state (built upon 'Dp, 
2p? of the ion). Thus a metastable argon atom has sufficient energy to raise a 
metastable nitrogen atom to any of these levels, but has not sufficient energy 
to raise a normal nitrogen atom to them. Hence the N I lines observed are 
probably excited by collisions of metastable argon atoms with metastable 


§ Duncan, Astrophys. J. 62, 145 (1925). 

® Birge, Phys. Rev. 34, 1062 (1929). 

10 Ingram, Phys. Rev. 34, 421 (1929). 

"™ Compton and Boyce, Phys. Rev. 33, 145 (1929). 
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nitrogen atoms. Nevertheless the metastable argon atoms have sufficient 
energy to excite the normal nitrogen atoms to the levels 3973s?Py 4 and 
3p°3s *Px.14.4 (energies 10.6 and 10.3 volts respectively). Also it has been 
found by Compton and Boyce" and by Ekefors” that these are initial levels 
for transitions giving rise to ultraviolet lines. Moreover the transitions from 
the 3p°3s°Py4 states are to the metastable states of 2.37 and 3.56 volts 
energy and not to the normal state of zero energy. In addition the 3p°3s*Py 4 
states are the final levels of many of the transitions giving rise to the more 
intense lines reported. Hence many of the metastable atoms that are further 
excited return to the metastable state in two steps, radiating visible and 
ultraviolet light. Thus since metastable atoms result from the dissociation of 
the nitrogen molecules and from the radiation of light by excited atoms, it is 
probable that there is a high concentration of metastable nitrogen atoms in 
the discharge. These are probably excited to the initial levels of the lines re- 
ported by collisions with metastable argon atoms. 

The experiments with argon indicate therefore that the excitation of the 
N I lines takes place probably in two steps, the first being the dissociation of 
the nitrogen molecules into neutral and metastable nitrogen atoms by col- 
lisions with metastable argon atoms, and the second being the excitation of 
the metastable nitrogen atoms by collisions with metastable argon atoms. 

The authors wish to express their appreciation to Dr. G. M. Shrum for 
suggesting the problem and for his assistance in the work. 


® Ekefors, Zeits, f. Physik 63, 437 (1930). 
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ABSTRACT 


The emission spectrum of carbon dioxide has been studied by the electron beam 
excitation method used by Smyth and Arnott. The whole range of the spectrum from 
6500 to 1400 has been examined and only the bands reported by Fox, Duffendack and 
Barker in the region from 2700 to 5000 have been observed. A particular effort was 
made to get in emission the extreme ultraviolet bands reported by Leifson in absorp- 
tion but it was unsuccessful. The “second negative bands of carbon” are shown to be 
probably identical with parts of the Fox, Duffendack and Barker system. This system 
of some two hundred bands is partially analyzed into fifteen progressions of band 
heads given by the formula »v = 26,271 — », +1136.85v—1.85v? where v, takes on a par- 
ticular value for each progression and v=0, 1 - - - 10. About one hundred bands fit 
into this arrangement. This empirical analysis is shown to be consistent with ascheme 
of energy levels involving two normal modes of vibration (»’ and v2") in the upper 
electronic state and two (»;’’ and »3’’) in the lower electronic state. The 2»2’ state is 
split into two separated by 166 cm; this and the values of the frequencies are consist- 
ent with Dennison’s and Barker and Martin's analysis of the infrared spectrum but 
since the spectrum here analyzed presumably does not involve the normal state the 
frequencies are numerically different. 


URING the past fifteen years the study of band spectra has made 

enormous contributions to our knowledge of molecular structure and 
of radiation processes. Most of this work has been concerned with diatomic 
molecules and naturally so, since even diatomic band spectra offer complica- 
tions requiring the greatest ingenuity and care for their interpretation. There 
remain many details of diatomic spectra still to be examined, but there seems 
little doubt that the main principles of interpretation have been laid down. 
Perhaps it is time, therefore, to consider the possibility of applying these 
principles to the study of molecules containing more than two atoms. 

Of course a start has already been made by the study of infrared spectra, 
Raman effect and absorption spectra. But little or no progress has been made 
in the study of emission spectra. The difficulties are two. In the first place, 
the excitation of a gas is very likely to disrupt its molecules and, therefore, 
the spectrum obtained may well come, not from the molecule it is desired to 
study, but from one of its component parts. In the second place, once a spec- 
trum is obtained it is likely to be so complicated as to defy analysis. Both 
these difficulties have been overcome in some measure in older work but it 
seems worth while to attempt a systematic attack on the general problem 
aided by recent developments in technique and theory. 

The present writer was inspired to undertake such an attack by some ex- 
periments which Arnott and he! had made on the excitation of the band spec- 


1 Smyth and Arnott, Phys. Rev, 36, 1023-33 (1930). 
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tra of nitrogen by electron impact. In these experiments the spectrum was 
excited by a beam of electrons passing into a water-cooled chamber into 
which fresh gas flowed continually. Such conditions should be very unfavor- 
able to the excitation of dissociation products. Furthermore, in the nitrogen 
spectra excited by this method nearly the entire intensity was concentrated 
in a few bands. It was thought that similar effects might occur in triatomic 
gases and simplify the spectrum. Such a method of excitation, therefore, 
might hope to overcome the two main difficulties cited above. 

Carbon dioxide was chosen as the first gas to be studied because much is 
already known about its structure, its ionization potentials and, most im- 
portant of all, the spectra of its components, carbon monoxide, oxygen and 
carbon. 

PREVIOUS WoRK 


According to Kayser? the first discontinuous spectrum ever observed was 
that from a candle flame studied by Wollaston in 1802. It is not surprising 
therefore that there is a vast body of literature on the spectra of carbon and 
its compounds. The results of the work up until 1910 have been digested and 
presented by Kayser. Of the groups of bands that he gives only one seems 
possibly attributable to COz¢. It is the so-called “second negative group of 
carbon,” a group of some twenty bands as reported by Kayser and later by 
Hof* and Bair.‘ Most of the bands in this group can be identified in the much 
more extensive system studied by Fox, Duffendack and Barker® and dis- 
cussed in detail later in the present paper. They are observed in the negative 
glow of discharge tubes through which COz is flowing but give way to CO 
bands as soon as the flow is stopped. This suggests that they should be as- 
signed to carbon dioxide, probably to CO2*. 

In their study of the carbon dioxide system Fox, Duffendack and Barker®* 
excited it by impact of low voltage electrons. Duffendack and Smith’ also 
excited it by collisions of the second kind in mixtures of CO: with the rare 
gases and finally Duncan® studied the fine structure of the two strongest 
bands by using a low voltage arc and a 21-foot grating. The conclusion of 
these authors was that the excitation potential of this spectrum was about 
nineteen volts and that it probably came from CQO,* ions. 

Further evidence on the probable origin of the two strongest bands of the 
system (A2883 and (2896) is to be found in their frequent appearance in lists 
of the first negative bands of CO though authors? usually have some difficulty 
in fitting them in this system. Also, Maxwell'® studied the effect of electric 
fields on the emission of these two bands and the comet tail bands of CO. He 

2 Kayser, Handbuch der Spectroskopie V, 198, 190-234 (1910). 

3 Hof, Zeits. f. wiss. Photo. 14, 83 (1914). 

4 Blair, Astrophys. J. 52, 301 (1920). 

5 Fox, Duffendack and Barker, Proc. Nat. Acad. 13, 302 (1927). 

6 Duffendack and Fox, Astrophys. J. 65, 234 (1927). 

7 Duffendack and Smith, Phys. Rev. 34, 68 (1929). 

8 Duncan, Phys. Rev. 34, 1148 (1929). 


® For example see Jevons, Phil. Mag. 47, 586 (1924). 
‘© Maxwell, Jour. Frank. Inst. 210, 427 (1930). 
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found the former unaffected by the field and concluded that they came from 
an excited ion of very short lifetime or from a neutral molecule. The balance 
of the evidence seems to be in favor of CO,* as the originator of this whole 
band system. 

A second emission spectrum has been found by Kondratjew" who studied 
the spectrum of CO burning in O2. He photographed a group of diffuse bands 
in the same general region as the emission bands discussed above and believes 
them due to CO:. They are arranged in series with wave number differences 
of approximately 600 cm~'. These bands probably form an entirely separate 
system from those considered here. Besides these emission spectra an absorp- 
tion spectrum in the Schumann region was reported by Leifson;" it con- 
sisted of a number of bands, only four of which he was able to measure. 
These have never been observed in emission. 

The object of the present work has been three-fold. First, to study the 
emission spectrum by high speed electron impact in flowing gas in order to 
confirm its origin and possibly to get a simplified intensity distribution. 
Second, to obtain the absorption spectrum in emission, and finally to extend 
some regularities already observed in the wave numbers of the known spec- 
trum. Of these aims only the last has met with much success but the entire 
work will be reported in full. 


Part I. EXPERIMENTAL 
Apparatus and procedure 
The excitation chamber in which the spectrum was observed was the same 
as that used by Smyth and Arnott! and the arrangement of filament, trans- 


verse magnetic field, and so on were very similar. Figure 1 is repeated from 
their previous paper but will not be discussed here. 


th 


Fig. 1. (a) Schematic diagram of electron beam apparatus. (b) Details of filament, 
electron beam and water-cooled anode. 


Commerical carbon dioxide was resublimed twice in vacuum with liquid 
air and then stored over phosphorous pentoxide. It was admitted through an 
artificial leak and during an exposure flowed steadily through the apparatus. 
Besides CO: a small amount of stop-cock grease vapor and a varying amount 
of mercury vapor were present. Traces of the CH bands were observed in 
some of the spectrograms. The mercury lines could be varied at will from 
moderate intensity almost to the vanishing point without any effect on the 
spectrum. 


" Kondratjew, Zeits. f. Physik 63, 322 (1930). 
® Leifson, Astrophys. J. 63, 73 (1926). 
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Of three different spectroscopes used, a constant deviation glass Hilger 
covered the range from 7000A down to 4000, with Ilford panchromatic, 
Wratten and Wainwright hypersensitive panchromatic, and Ilford Golden 
Iso-zenith plates; for the region down to 2000A a medium size quartz Hilger, 
(E 315), with Iso-zenith plates proved very satisfactory; and finally for the 
Schumann region, a fluorite window was sealed on the excitation chamber and 
a small fluorite vacuum spectrograph of the type described by Cario and 
Schmidt-Ott" was attached to the apparatus; Schumann plates obtained 
from the Hilger were used in this instrument. With these spectroscopic ar- 
rangements the entire spectrum from about 6500 to about 1400AU was 
studied though none of it at very high dispersion. 

The nature of the luminosity in excitation chamber was of two distinct 
types. At low pressures, (0.04 mm as measured by a McLeod connected to the 
excitation chamber) and small currents (5 to 30 m.a. in the main discharge) a 
sharply defined beam of a deep purple color extended from the orifice of the 
main discharge tube across the excitation chamber toward the window. The 
magnetic field was usually adjusted so that this beam was bent downwards 
striking the wall of the chamber just short of the window. Under these con- 
ditions the rest of the excitation chamber was dark. We will refer to this 
condition as the beam discharge. If the pressure was raised or the current 
increased the sharp beam became fuzzy and eventually the entire excitation 
chamber was filled with luminosity as if from a secondary discharge. We will 
refer to this condition as the high pressure discharge. 


Observed spectra 


As we had hoped the “beam discharge” showed no trace of the CO spec- 
trum in the visible and near ultraviolet. Long exposures brought out the 
“first negative” CO+ bands and traces of the OH band at 3300 and the CH 
bands at around 4200; a few bands of the 4th positive group appeared 
faintly on some of the plates taken with the fluorite spectrograph. By far 
the most prominent feature of the spectrum was the CO, band spectrum 
already mentioned as observed by Fox, Duffendack and Barker.’ This was so 
intense that a plate could be obtained with the quartz spectrograph in an 
hour’s exposure even when the current in the discharge tube was only 20 or 30 
milliamperes. Apart from this spectrum no bands not definitely attributable 
to CO were observed between 6500 and 1400 except the CH and OH bands 
already mentioned. 

A particular effort was made to get in emission the bands reported by 
Leifson in absorption. In spite of variations of the field accelerating the elec- 
trons from 700 volts down to 60 and of increases of pressure and current up 
to the high pressure condition where the 4th positive bands of CO came out 
prominently no trace of CO: emission bands was observed in this region. On 
some of the first spectrograms there did appear to be bands, though of differ- 
ent wave-length from those given by Leifson, but more careful adjustment of 
the spectrograph and measurement of the plates showed them to be groups of 


8 Cario and Schmidt-Ott, Zeits. f. Physik 69, 719 (1931). 
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Taste I. 


Nore: The meaning of the designations given in the fourth column and of the values of ve—ve in the fifth column are 
explained in the text of part II. When they are enclosed in parentheses they refer to the wave numbers in column six. 

Wave-lengths and wave numbers in columns one and two marked with asterisks are accurate only to 1.0A or 10 cm™ 
respectively. All wave numbers in column six are accurate only to 10 cm7}. 
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TABLE I. (Continued). 


Fox, Duffendack and Barker This Paper Fox, Duffendack and Barker This Paper 
vo Int. Desig. Int. vo Int. Desig. Int. 
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carbon lines. A further study of this part of the spectrum with different types 
of excitation is desirable. 

The appearance of the 4th positive bands of CO when the discharge was 
in the “high pressure” condition has been mentioned. A similar condition 
photographed with the glass spectrograph and panchromatic plates showed 
the Angstrom bands of CO very strong but the CO» bands remained as strong 
as ever. 

In the experimental work up to this point only the electron beam method 
of excitation had been tried but the anticipated simplification of the spectrum 
had not been obtained. Furthermore, in spite of the implication of Duffen- 
dack and his collaborators that the spectrum which they observed was new, 
the author came to a different conclusion. After a careful review of the litera- 
ture, he became convinced that the spectrum under consideration was iden- 
tical with the second negative bands of carbon although much richer and 
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more extensive than the older work on them indicated. It seemed desirable 
therefore to try a much simpler method of excitation. The test was easily 
made. A discharge tube of the simplest type was connected to an old vacuum 
system. CQ» from a tank was run through with no particular effort at purifica- 
tion. A high potential outfit was connected to the tube and the flow of gas 
adjusted until a bright discharge was running smoothly. A spectrogram of 
the negative glow was taken and showed the complete COQ. spectrum that 
had been studied by the electron beam method. It should be added that the 
Angstrom bands and probably also some other CO bands were quite strong 
so that this method of excitation is not as clean cut as that previously de- 
scribed. Nor was the intensity as high. Obviously, since this is exactly the 
method of excitation used in older work to get the second negative bands of 
carbon and since nearly all wave-lengths given in previous lists of that spec- 
trum are found on our plates the two spectra are identical. It remains a ques- 
tion why the older work reports such a small number of bands. 

If the reproductions given in Figs. 2a and 2b be compared with that of 
Fox, Duffendack and Barker* they will be seen to be almost identical except 
for the presence of the OH 3300 and CH 4300 bands. The general run of 
intensity is the same on our plates as on the older ones and therefore the hope 
that this method of excitation would give a simplified intensity distribution 
was not justified. Figs. 2c and 2d showing as they do the long wave-length 
end of the spectrum photographed by the small glass Hilger, indicate that 
there are a great many more bands than are given in Fox, Duffendack and 
Barker's list but the measurements on these small dispersion plates did not 
seem of sufficient accuracy to be included in the list of wave numbers used 
below for analysis. The measurements from the plate taken with the medium 
Quartz Hilger which is reproduced in Figs. 2a and 2b should be accurate to 
about ten wave number units and therefore are a useful check on the more 
accurate measurements of Fox, Duffendack and Barker on plates taken with 
the El Quartz Hilger. The probable accuracy which they estimate for their 
wave-lengths is 0.1A in most cases and 1.0A for bands which they were un- 
able to study with the large instrument. Converted to wave number units 
these errors are about 1 and 10 cm~' for the region concerned. To allow a de- 
tailed comparison of the old results and the new and to serve as a basis for an 
analysis Table I has been prepared giving both sets of measurements and in- 
cluding also the wave-lengths of the 2nd negative bands. 


Part II. ANALYsIs 


First inspection of the spectra shows that from 42900 to \3500 the bands 
occur in five well-defined groups of similar but not identical structure; then 
from 3500 to 4000 is a terrific tangle; then two more groups appear at about 
44100 and \4270; then another confused array of bands petering out to the 
end of the spectrum at about 45000. On the violet side are the two strong 
bands at A2893 and 2883, resolved by Duncan into fine structure, and be- 


* The writer is very much obliged to Professor Duffendack who was kind enough to send 
him one of his CO; plates. 
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yond them some weaker bands that appear again like the groups around 
3000. Fox, Duffendack and Barker arranged six of the strong bands at the 
violet edges of these groups in a progression. The author has been able to ex- 
tend their analysis very considerably. His results will be presented first in an 
entirely empirical way and then possible interpretations will be discussed. 
Adding one band on either end of the set arranged by Fox, Duffendack 
and Barker we get the series given in Table II and find the observed wave 


TABLE II. a-series. 


Desig. of 
veal. veal. — vobs. level 


26,271.0 0 
27 ,406.0 0 
28 537.3 +0.1 
29 664.9 —0.2 
30, 788.8 —1.0 
31,909 .0 —1.8 
33,025 .5 —0.8 
34, 138.3 —1.2 
35, 247.4 

36,352.8 

37 454.5 

38,552.5 


vobs. 


26.271.0 
27 ,406.0 
28 537.2 
29 665.1 
30, 789.8 
31,910.8 
33,026 .3 
34,139 .5* 


— 
=) 


numbers very accurately expressed by the formula v = v,+1136.85v—1.85v? 
where v,=26,271.0 and v=0, 1, - - - 7. This implies transitions from a series 
of vibrational levels of an upper electronic state to a single lower level. This 


is to be considered merely as a convenient working assumption. The bands 
in this progression will be designated do, a), d2- ++ ao and the upper levels 
Ao, Ao, where the values of the levels are calculated from the 
formula. These levels could be adjusted to get a slightly better fit with the 
a-progression but such an adjustment makes greater errors later on. 

Further examination of the spectrum shows that most of the strong bands 
in the separate groups and many bands in the more confused part of the 
spectrum can be represented by transitions between the A-levels and differ- 
ent lower levels, i.e., by formulas of the type vy =v.—v.+1136.85v—1.850". 
Such bands may be symbolically represented by A;i—vz, e.g. Ag—2454 
would be a band represented by the above formula if vz were put equal to 
2454 cm~! and v =4. As may be seen from the small coefficient of the quadratic 
v-term the differences between successive A-levels are very nearly the same 
and therefore it is difficult to be certain of the proper v-values unless the bands 
observed in a progression are very accurately measured. This means that the 
value of vz may in some cases be too large or too small by approximately 
1130 cm“ or even by integral multiples of that number. 

In order to save space the results of the analysis have been included in 
Table I where column four shows the assignment of the bands to various 
progressions and column five gives the errors of the wave numbers calculated 
by the use of the various values of v, given in Table V below. But to illustrate 
their nature more clearly two progressions will be presented separately in 
detail. The first, the d-progression is the most satisfactory one of all except 


band || 
ao 3805.4 Ao 
ai 3647.8 A, 
a2 3503.2 
a3 3370.0 A; : 
ag 3246.9 Ag 
as 3132.9 As 
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the intial a-series. As may be seen from Table III below, the value of vz is 
fixed within very narrow limits, probably 2454 to 2456 and the agreement 
with observed values is excellent except in one or two cases. In this table, as 
in Table I and elsewhere except Table II, tenths of cm~ have been ignored. 


TaBLe III. d-progression. A; —2454. 


Intensity 
vo F.D.& B. This paper 


23,816 23 ,822* 
24,951 24,979* 
26,082 (26,085) 
27,210 27,210 
28 ,334 28,334 
29,454 29,451 
30,571 30,573 
31,683 31,685 
32,792 32,792 
33,898 33, 895* 
34,999 34 ,999* 


lwo 


tntnind te | 


* Indicates accuracy of only +10. 


~ A. ) Indicates wave number from author's plate. All others are from Fox, Duffendack and 
arker. 


As typical of the other extreme, a value of v, has been chosen that was 
suggested by other combinations. The agreement with observed v’s is very 
poor, perhaps not more than chance, and vy, could certainly be altered by 
+20 or even by +1130 as discussed above without making it much worse. 


TABLE IV. n-progression. A;—1400. 


Intensity 
Ve Vo F. D. & B. This paper 


24,871 ines 

26,006 26,042 
27,137 27,143 
28,265 28,290 
29; 389 29; 396 
30,509 (30,490) 


The whole gamut of progressions is given in Table V where the val- 
ues of v, are in column one and the intensities of the bands of the cor- 
responding progression follow along the row. If an intensity is given and 
unmarked it is the intensity of a band in Fox, Duffendack and Barker's list 
whose wave number agrees to within 10 cm~ with that calculated. If it is 
marked with an asterisk it is one of Fox, Duffendack and Barker’s less ac- 
curately measured bands and if in parentheses it is from the author’s plate 
and does not appear on Fox, Duffendack and Barker’s list. In either of these 
last two cases the v,—vo may be as great as 30 cm. The values of v; are taken 
empirically to give the best agreement throughout each particular progres- 
sion and the + error indicates the limits outside of which there is noticeably 
poorer agreement. In most cases this error could be considerably exceeded 
without bringing the disagreement about 10 cm-! or 30 cm for the two 
grades of accuracy of measurement respectively. The actual value of v.—vo 


Desig. 
d, —28* 
dz (-3) 
ds; 0 
d, 0 
ds +3 
ds —2 1 
—2 
8 0 
dy +3* 
dio 0* 
Desig 
no 
ny, 4 
Ne — 
n3 —25 9 4 
ns —7 3 
ns +19 0 


EMISSION SPECTRUM OF CO; 


> 


- 


167+ 2 
1189+ 2 
1400 + 20 
1578+10 
2454+ 2 
2596+ 4 
2618 +10 
2727+10 
2890 + 10 
3660+ 7 
3918 +20 
4127+ 4 
4295 +10 
5333+ 4 


al | 


— 


lool 


0*? 
3* 


Ll 


Ne 
wow! | msomtewn | Sas 
ano | | | ~a|SSaa 
— 


THs AWS ASH 

— 


‘for each particular band is given in column five of Table I. In the fourth 
column of Table I and in Figs. 2a and 2b the assignments of the bands are 
given and in many cases even where the v, — v9 is obviously too large an assign- 
ment is still given indicating the approximate location expected for that 
particular band of that progression. In making these assignments fifteen 
different progressions have been used and in the neighborhood of a hundred 
bands accounted for. Of these fifteen progressions, all but four (m, n, r, p) 
were found independently of the scheme of energy levels now preferred for 
their representation and are the residue of some thirty odd different trial 
values of v., both positive and negative, suggested by various observed 
regularities in the spectrum. They are believed to be established with reason- 
able certainty. Of the four progressions, m, n, r, p, only two, m and r, seem 
pretty good; the other two, m and p, are decidedly wobbly. The reason for 
including them will emerge from explanation of these progressions which will 
be advanced presently. 

The most striking of the progressions are the a, b, c, d and e, having v.z 
values of 0, 167, 1189, 2454 and 2618. It will be noted that the difference be- 
tween the first two and between the last two is approximately the same, 
166 cm. Furthermore this difference occurs quite frequently elsewhere in 
the spectrum, for example between the k& and / and the /: and m progressions. 
For a long time the writer“ believed this separation to indicate a splitting of 
one of the electronic levels. This point of view made it possible to explain all 
but one of the values of vz in terms of combinations of two fundamental 
modes of vibration with quadratic anharmonic terms.” But this explanation 
never seemed really satisfactory particularly as two strong progressions, the 
c and g, could not be associated with others at separations of 167, that 
seemed to have any reality. Therefore, in spite of its attractive simplicity ana 
initial success, it has been abandoned. 

Before advancing the present explanation it is necessary to review some 
of the recent work on the infrared spectrum of CO». Dennison" has recently 

4 Smyth and Chow, Phys. Rev. 37, 1023 (1931). 


% Smyth and Chow, Phys. Rev. 37, 1710 (1931). 
16 Dennison, Revs. of Mod. Phys. 3, 280 (1931). 
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discussed the normal modes of vibration to be expected in triatomic mole- 
cules of various types. He shows that in a linear molecule there are four nor- 
mal modes of vibration instead of three. This arises from the fact that the 
vibration of the central atom perpendicular to the axis of symmetry is not 
confined to a particular line but merely to a plane. To characterize this 
motion completely two quantum numbers, v2 and /, are necessary. To a first 
approximation the energy of the molecule is independent of / but if the as- 
sumption that the motion of the atoms is infinitesimal compared with the 
equilibrium distances between them is given up the energy becomes depend- 
ent on 7. Dennison gives the following equation for the total energy: 


W/h = const. + + V2Ve2 + U3V3 + X10)" + 


+ 33037 + + + X2302 


where 27273 are quantum numbers, the coefficients x1, X12 etc. are constants 
and / has the values v2, v2—2, - - - 0. This expression differs from the general 
formula for the vibrational energy of a triatomic non-collinear molecule only 
in the presence of the factor (1/3)/. 

At the last Washington meeting of the American Physical Society, Martin 
and Barker" reported the application of these ideas to the explanation of the 
observed infrared and Raman spectra of CO. Professor Barker has been kind 
enough to send the writer the frequencies and energy level diagram which he 
showed on the screen at that time. The frequencies are »;=1361 cm™, 
668 cm™ and v3=2350 The ve=2 level splits into two (J =2 and 
1=0) in the manner described above and the amount of splitting, determined 
from Raman lines, is 102 cm~!. The similar spread of the v2=3 level is 147 
cm~!. The Raman lines correspond to changes of two in 7. 

How can this be applied to the present problem? Obviously not directly 
since this emission spectrum does not involve the normal state of the mole- 
cule. Very possibly the initial and final electronic configurations are such that 
the molecule is no longer linear; particularly as it seems likely that the spec- 
trum comes from CO,.*. But the frequencies that emerged in the empirical 
analysis are of the order of magnitude of the », 2v2 and v3 given above, which 
suggests that the shape and binding forces of the excited molecule or ion may 
be similar to those of the molecule in its normal state. 

Working from this point of view it is suggested that the various progres- 
sions are all v,’ progressions. That is that the », of the upper state is about 
1140 cm~!. The observed separation of 166 cm! between a number of pairs 
of progressions is interpreted as a splitting of the ve’ =2 level. On this basis 
the ve’ =2, l’=0 and v2’ =2, l’=2 levels have values 1029 and 1195 cm™ 
respectively above the lowest vibration state of the upper electronic level. 
The value of v3’ remains undetermined as there appears no v, that requires a 
vs different from zero. In the lower electronic state are four vibration levels 
besides the zero. Three, at 1400, 2727, and 4127 are probably 2,’ =1, 2 and 3, 
respectively. The fourth at 2456 is v3’’=1, probably; perhaps it is v,’’ = 2 and 


17 Martin and Barker, Phys. Rev. 37, 1708 (1931). 
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2727 is v3'’=1, 4127 then being a combination, v,'’=1 and »;’’ =1. In this 
state no values of vq’’ other than zero appear and therefore vq”’ remains un- 
determined. The complete absence of any transitions from the v2’ = 1 state is 
an unexplained difficulty with this whole arrangement. Perhaps it is the re- 
sult of some selection rule which an extension of Dennison’s analysis to elec- 
tronic transitions might explain. 

In the scheme of levels as shown in Fig. 3, the v;’>0 levels have been 
omitted so that each transition shown represents an entire progression. The 
levels are labeled by letters to avoid any insistence on their suggested inter- 
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pretation. Their numerical values are chosen to give the most general agree- 
ment with the observed v.s. That this agreement is good in most cases can be 
seen from Table VI. A slightly different choice of separations of the levels 
gives a good deal better agreement for all but the g and h progressions. This 
may be accidental or as seems more likely the scheme may be over simplified. 
In any case the values given in Table VI which represent exactly combina- 
tions of the levels in Fig. 3 give computed wave numbers that agree within 
10 cm~ with sixty-two of the more accurately measured bands in Fox, 
Duffendack and Barker’s table, within 30 cm~! with twenty-eight of the less 
accurately measured bands and within 30 cm with seventeen bands that 
were observed on the author's plate but not by Fox, Duffendack and Barker. 
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If the empirical values of v, are used only some half dozen more bands are 
brought within the limits of error but the average value of v.—vo is very 
considerably reduced. Furthermore, if the doubtful 7 and p progressions and 
the Ay and Ajo combinations are omitted only twenty-three of the 117 pre- 
dicted bands are not observed within the limits of error. Considering the over- 
lapping of the bands, their varying intensity and the fact that the measure- 
ments are of edges, often ill-defined, rather than of origins, this agreement 
seems good. 


TABLE VI, 

Progression Empirical Calc. Diff. Transition 
a 0 0 — A-Xo 
b 167 166 -1 B-—Xo 
c 1189 1195 6 C—Xo 
d 2454 2459 5 A-Y 
e 2618 2625 7 B-Y 
f 5333 5330 —3 
g 3660 3654 —6 
h 4127 4135 8 A-X3 
j 2596 2596 0 C-—X, 
k 2727 2725 -2 A-X, 
l 2890 2891 1 B-—X, 
m 4295 4301 6 B-—X;3 
n 1400 1405 5 A-X, 
p 3918 3916 —2 
r 1578 1572 —6 B-X, 


Obviously this scheme of levels is not the only possible way of explaining 
the observed regularities. The observed A-progressions can not even be as- 
signed with certainty to the upper electronic state. They are cut off at either 
end about equally sharply, as is the spectrum, so that the Ai» level may well 
be actually a 7,’ =0 level. That this was the case was assumed by the author 
in papers presented to the Physical Society at the New York" and Washing- 
ton meetings. But this now seems unlikely and attempts to construct a 
satisfactory energy level scheme on this basis have met with no success. 

Granted the A-progressions are v;’ progressions it might still be expected 
that all three normal modes of vibration of both upper and lower states 
should be present in the spectrum. Analytically the spectrum would then be 
represented by the difference between two equations like that of Dennison’s 
given above, with an electronic term added in. This would give eighteen un- 
determined constants and could certainly be adjusted to give the observed 
regularities but it would also predict many regularities that are not observed. 
Attempts to apply such formulas have not been successful. 

There remain a number of bands in Table I, among them the two strong- 
est in the spectrum, which have not been fitted into the scheme. Separations 
of about 160 cm~! and about 1400 cm occur in them with fair regularity 
showing signs of something like a »,’’ progression but no definite analysis has 
been achieved as yet. There also seem to be smaller differences of the order of 
10 cm~! that are repeated but these are too near the limits of accuracy of 
measurement to be dependable. 
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In connection with some data'® on the ionization of CO, it is of interest 
to consider the energies of excitation of the upper levels here postulated. The 
v., that is the energy to go from zero vibration in the lower state to zero vi- 
bration in the upper state, is 25,076 cm~!=3.1 volts while the excitation of 
the Ajo level requires 4.6 volts. The interpretation of a particular secondary 
ionization process in CO: suggests the existence of an excitation level in the 
ion (or molecule) at about 4.5 volts. 

It should also be pointed out that the long wave-length end of the spec- 
trum from 4000 to 5000 has hardly been touched. The bands included in 
Table I are only a small part of what is shown on plates taken with the glass 
spectrograph (see Figs. 2c and 2). In fact the bands in this region are so 
thick that much greater dispersion is necessary before an analysis can be con- 
vincing. For this reason no great weight is given to the fact that some of the 
progressions given above can be extended in this region and such extensions 
have not been included in the discussion. 

It is probable that the analysis presented above will have to be consider- 
ably revised as our knowledge of this spectrum is increased. Yet it seems 
significant and encouraging that so large a proportion of the observed bands 
can be fitted into a plausible and not very complicated scheme. If this can 
be done with an emission spectrum not involving the normal state, it may be 
possible to do even better in cases where absorption spectrum data can be ap- 
plied. Such a case is offered by SO2 whose absorption spectrum has recently 
been partly analyzed by Watson and Parker.'® Chow and the author®® have 
already pointed out an interesting correlation between this analysis and an 
emission spectrum previously observed and are beginning a systematic study 
of the emission spectrum. 

In conclusion I wish to thank Miss Janet MacInnes and Mr. T. C. Chow 
for their help in various phases of this work. 


18 Smyth, Revs. of Mod. Phys. 3, 382 (1931). 
19 Watson and Parker, Phys. Rev. 37, 1484 (1931). 
20 Chow and Smyth, Phys. Rev. 38, 838 (1931). 
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ABSTRACT 


The atomic process of auto-ionization put forward by Shenstone! is discussed in 
connection with the alkaline earth metals, calcium, strontium, and barium, and the 
inert gases, krypton and xenon. The phenomenon is quite similar to the Auger? effect 
in x-rays and analogous with the predissociation of molecules in band spectra put for- 
ward by Kronig.’ Certain characteristics of energy levels in Ca and Sr, known to lie 
above the first series limit and to give rise, in combination with lower levels, to sharp 
and nebulous lines, are attributed to the process of auto-ionization. In a similar man- 
ner the cutting off at the first or second member of certain series of lines in krypton and 
xenon and the continuance of other series of the same electron configurations to five, 
six, seven and eight members is attributed to the process of auto-ionization in those 
atomic states of the neutral atom which lie above the first series limit. 


HE process of auto-ionization put forward by Shenstone! to account for 

the ultraionization potentials observed in mercury vapor is of consider- 
able importance in that it clears up a great many of the difficulties previously 
unaccounted for in atomic spectra. One of the well-known anomalies that 
may be accounted for, as pointed out by Shenstone and to be given later,’ is 
the diffuseness of certain lines in the arc spectrum of copper. The observation 
of sharp lines and of broad diffuse lines in the same multiplet finds a plausible 
explanation in this process, auto-ionization. 

Above the series limit of any series lies a continuum of possible energy 
states. This continuum is characterized by the same quantum numbers as 
the series of discontinuous levels below the limit, i.e. the same L, S, J, and 
the same odd or even sign of the electron configurations involved. An electron 
configuration or term is said to be odd when I; is odd, and even when <I; is 
even, (i.e. odd for an odd number of , f, h, - - - electrons, otherwise even). An 
atom excited to a discrete energy state above the first ionization potential 
and into a region accompanied by a continuum characterized by the same 
L, S, J, and sign is in a condition for auto-ionization. The transition from the 
discrete energy state into the continuum may be interpreted as a “resonance” 
phenomenon between two states of the same energy, which results in the 
spontaneous ejection of an electron with kinetic energy and the return of the 
atom to a lower series limit. Several good examples of this process of auto- 
ionization are to be found in the alkaline earth elements. 


' Shenstone, Phys. Rev. 38, 873 (1931). 
2 Auger, Comptes Rendus 187, 1141 (1928); 188, 447, 1287 (1929); 192, 672 (1931). 
3’ Kronig, Zeits. f. Physik 62, 300 (1930). 
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In the early development of complex spectrum analysis Russell and 
Saunders found in calcium a series of triplet p’ terms which are now famous. 
These terms, then designated as 2)'1,2,3, 3p'1,2.3,, 46’1,2,3 and 5p’1,2,3 with 
term values 7 =741, —5000, —8334, and — 10086 cm™ respectively, are now 
designated as *P21,9 and are attributed by Russell® to the electron configura- 
tions 3dmd. All but the first member of this series, see Fig. 1, lie above the 
first series limit 4°s,;2 of the four chief series of singlets and triplets. The con- 
tinuum above these four chief series corresponds to even S and D terms and 
to odd P and F terms. The *P2,,9 terms being characteristically even enables 
the electron to have in this state a mean-life sufficiently great te combine 
normally with lower odd terms and to give the respectably sharp spectrum 
lines observed. 
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Fig. 1. Energy level diagram of calcium. 


The even *S,; term in calcium (7 =—2266.9 cm, and attributed by 
Russell* to 3d4d) because it is found to combine with other odd terms at all, 
would be expected to have a short mean-life, and to give, as a result, diffuse 
lines. This level *S,, 3d4d, combining with *P°:;.9, 4s4p, in a double electron 
jump gives rise to three hazy lines \2757.40, \2749.34, and \2745.49. 

In strontium a *F° term, 4d6p, (the corresponding term in calcium, see 
Fig. 1, is *F°, 3d5p,) lies above the 5?Sj/. limit and, as in calcium, is in a 
continuum of *F° terms, 5smf. These negative *F°, 3,2 terms, 4d6p, with term 


* Russell and Saunders, Astrophys. J. 61, 38 (1925). 
5 Russell, Astrophys. J. 66, 1 (1927). 
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values 7 = 3729.4, 3621.6 and 3473.3 if they are observed to combine 
with lower terms at all, would also be expected to have a short mean-life and 
to give rise to extremely diffuse lines. Combining with the *D3.2, terms, 
5s4d, with term values 7 —27606.0, 27706.6, and 27766.6 cm“ respectively, 
these *F° terms give rise to five very diffuse lines.‘ 


Int.* d v Designation 
4n 3189.23 31346.5 Fe 
3n 3189 .93 31339 3D,—3 F 3 
2n 3198 .99 31250 .9 FY 
2n 3200.22 31238 .9 
1n 3205.13 31191 .0 


* The letter indicates that the lines are “nebulous” in appearance. 


In barium these same *F°, 3.2 terms, 5d7p, with term values 7 =4558.6, 
4747.5, and 4966.3 cm respectively, lie below the first limit 6*S,;2 and in 
combination with the corresponding terms, 6s5d, with term values 7 = 
32433.0, 32814.1 and 32995.6 cm™! respectively, give rise to six relatively 
sharp lines as expected. 


Barium 
Int. v Designation 
10 3586.50 27874.4 Fe 
10 3561.94 28066 .6 
10 3566.66 28029 .2 3D, 
15 3610.96 27685 .6 3D3—*F 3 
3 3589 .95 27847 .6 3D. 
2 3639.72 27466 .9 Fo 


It is suggested in what follows that an extension of the process of auto- 
ionization to the spectra of the inert gases where jj-coupling, rather the LS- 
coupling, predominates may account for certain apparent anomalies. In the 
noble elements neon, argon, krypton and xenon all observed series approach, 
as limits, the inverted *P1,2,3;2 terms of the corresponding ions Ne II, A II, 
Kr II and Xe II respectively. With almost perfect jj-coupling in krypton® and 
xenon’ each series of energy levels arising from the electron configurations 
p'mp, p'md, and p*’mf, consists of two distinct groups of series. From 
the energy level diagram for xenon, shown in Fig. 2, it may be seen that in 
each configuration there is one group of terms approaching the lower limit 
*P3/2 of the ion, and another group of terms approaching the upper limit 
*P 

The circles, representing unobserved terms, Fig. 2, and the dots, repre- 
senting observed terms, indicate that transitions from negative levels to 
lower levels seldom occur, if at all. It is seen that series built upon the lower 


6 Meggers, de Bruin, and Humphreys, Bur. Stand. Jour. Res. 3, 129 (1929). 
7 Meggers, de Bruin, and Humphreys, Bur. Stand. Jour. Res. 3, 731 (1929). 


AUTO-IONIZATION 2019 


limit *P3,2 are in general observed for some five to eight members, whereas, 
the series built upon the upper limit?Pj,2 are observed for only one or two mem- 
bers. It is reasonable to expect any one of the series arising from the electron 
configurations 5p5mp, for example, to be observed for as many members as 
any other series belonging to these same configurations. In cases such as this 
the explanation has been that excitation energies somewhat greater than the 
first ionization potential ionize the atom rather than excite it to an energy 
level above the first ionization potential. The process of auto-ionization put 
forward by Shenstone,! however, is a plausible explanation of what happens, 
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Fig. 2. Energy level diagram of xenon. 


and would indicate that excitation into these negative atomic states takes 
place first and that ionization without radiation is a secondary process. 

The energy level diagram for krypton, being so nearly like that of xenon, 
may be obtained from Fig. 2, by lowering the *P,;2 limit and the series built 
thereon, about half-way to the ?P3,2 limit (?P3;2—?P1j2=5371 cm). This 
drops one more member of each upper limit series below *P3,2 in a region 
where its mean-life is sufficiently great to combine normally with lower 
terms, as observed. 

With jj-coupling in krypton and xenon the quantum conditions necessary 
for auto-ionization should be somewhat different than for LS-(Russell- 
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Saunders) coupling. For every odd state above ?P3;2 there is an odd continuum 
characterized by the same J value. It would appear from observation that 
these conditions might be sufficient for auto-ionization. ‘In some cases, how- 
ever, the small j’s are found to be the same for the two states in “resonance.” 
For example, for the electron configuration 5p5mp there are two even terms 
J=1, and J=2 above ?P3;2, accompanied by even continua with J=1, and 
J=2, from the same configuration. In addition the discrete states have 
j=}, (5p), and je=3/2, (mp), and the continua have j2=3, (mp), and 
ji=3/2, (5p'). Similarly there are two odd states J=1, and J=2, (5p°md), 
with j:— 3, (5p5), and j2=3/2, (md) in the odd continua characterized by J =1 
and J =2 respectively, (5p°ms), with j2=}, (ms), and j;=3/2, (5p*). This is 
not the case for all discrete states. In every case, however, odd continua do 
exist where the resultant J’s, and the relative directions of the electron spins 
s, and Se, are the same as in the odd discrete states. This is also true for even 
states. The quantum conditions for the so-called “resonance” between two 
states having approximately the same energy values in jj-coupling should be 
determined on the quantum mechanics. 
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ABSTRACT 


A method has been developed for the multiple acceleration of ions to high speeds 
without the use of high voltages. The ions travel through a series of metal tubes in 
synchronism with an oscillating electric potential applied alternately to the tubes 
such that the electric field between tubes is always in a direction to accelerate the ions 
as they pass from the interior of one tube to the interior of the next. The ions are 
thereby successively accelerated to speeds corresponding to voltages as many times 
greater than the high frequency voltage applied to the tubes as there are tubes. In the 
present experiments a high frequency voltage of 42,000 volts at a wave-length of 30 
meters applied to 30 such accelerator tubes in line resulted in the production of a 
current of 10-7 amp. of 1,260,000 volt singly charged Hg ions. The surprising effective- 
ness of this experimental method for the generation of intense beams of high speed 
ions is due to the development of simple, convenient and effective methods for focus- 
ing and synchronizing the ions as they pass through the accelerating system. The 
present experiments show that ions having kinetic energies in excess of 1,000,000 volt- 
electrons can be produced in this way with quite modest laboratory equipment and 
with a convenience surpassing the direct utilization of high voltages, that the limit to 
the attainable ion speeds is determined mainly by the length of accelerating system 
and the size of the high frequency oscillator system, and consequently that the produc- 
tion of 10,000,000 volt ions is an entirely practicable matter. 


INTRODUCTION 


ECENT advances in our knowledge of the structure of matter and its 
interaction with radiation have in a large measure resulted from experi- 
mental studies of collision processes. Apart from experiments in the realm of 
radioactivity, practically all of these investigations have been concerned with 
energy interchanges in amounts less than 100,000 volt-electrons. A survey of 
this situation impresses one that the unexplored domain of higher energy pro- 
cesses awaits the experimenter with promise of much new and important 
knowledge of the properties of atoms. 

There is of course a general recognition of the importance of this field of 
investigation and several laboratories are developing the technique of the pro- 
duction of high voltages and their direct application to vacuum tubes for the 
generation of high speed electrons and ions. Highly significant progress in 
this direction has been made by Coolidge,! Lauritsen,? Tuve,* Brasch and 
Lange, Cockroft and Walton,' Van de Graaff* and their collaborators who 


1 W. D. Coolidge, Am. Inst. E. Eng. 47, 212 (1928). 

2 C. C. Lauritsen and R. D. Bennett, Phys. Rev. 32, 850 (1928). 

3 M.A. Tuve, G. Breit and L. R. Hafstad, Phys. Rev. 35, 66 (1930). 

‘ A. Brasch and J. Lange, Zeits. f. Physik 70, 10 (1931). 

5 J. J. Cockroft and E. T. S. Walton, Proc. Roy. Soc. A129, 477 (1930). 

® R. J. Van de Graaff, Schenectady meeting American Physical Society, 1931. 
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have each developed distinct techniques for voltages of the order of magnitude 
of one million. 

These methods, involving as they do the direct application of high volt- 
age, are subject to certain important limitations. In the first place, it ap- 
pears that experimental difficulties go up so rapidly with voltage that though 
the region of one million volts is within the realm of practicability, the region 
of ten million volts is beyond the present experimental domain. In the second 
place, these high voltage methods involve apparatus quite beyond the equip- 
ment of most physical laboratories and are somewhat cumbersome for de- 
tailed experimental investigations of the types that have been carried out in 
the range of low velocities. 

It is for these reasons that we are concerning ourselves with the develop- 
ment of methods for the production of high speed particles which do not re- 
quire the use of high voltages. Our objective thus is two-fold; first, to make 
practicable the production of particles having kinetic energies considerably 
greater than those producible by direct high voltage methods and second, to 
make the production of particles having kinetic energies in the region of one 
million volt-electrons a matter than can be carried through with quite modest 
laboratory equipment and with an experimental convenience which, it is 
hoped, will lead to a wide-spread attack on this highly important domain of 
physical phenomena. 

Three distinct methods are being developed in our laboratory. One of the 
methods is for the production of high speed electrons and at the present time 
is in its early stages of development.’ Another method designed for the ac- 
celeration of relatively light ions has reached a rather advanced stage of de- 
velopment and has already been briefly described ;§° a detailed account is ex- 
pected to be published soon. The third method applicable to heavier ions is 
the subject of the present paper. 

The fundamental principle of this method was experimentally demon- 
strated several years ago by Wideroe!’ who succeeded in producing 50,000 
volt potassium ions in a tube to which the maximum applied voltage was 
about 25,000 volts. In our initial experiments! the method was developed to 
the production of 210,000 volt mercury ions with an applied voltage of 10,000; 
i.e., a voltage amplification of 21 was obtained. In the present work new de- 
velopments have lead to a voltage amplification of 30 and the production of 
1,260,000 volt singly charged ions. It is shown also that the method can be 
readily extended to the production of ions having kinetic energies of the 
order of magnitude of 10,000,000 volt-electrons. 


THE EXPERIMENTAL METHOD 


An outline of the experimental arrangement will make clear the important 
features of the method. A series of metal tubes arranged in line (labeled ac- 


7 This method was discussed briefly at the symposium on high voltages at the Pasadena 
meeting of the American Physical Society (June 1931). 
8 E.O. Lawrence and N. E. Edlefsen, Science 72, 376 (1930). 
E.O. Lawrence and M. S. Livingston, Phys. Rev. 38, 834 (1931). 
10 R. Wideroe, Arch. f. Elektrotech. 21, 387 (1929). 
1 E, O. Lawrence and D. H. Sloan, Proc. Nat. Acad. Sci. 17, 64 (1931). 
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celerators in Fig. 1) are attached alternately to the inductance of a high fre- 
quency oscillatory circuit. A high frequency voltage applied in this manner 
produces at any instant electric fields between successive accelerator tubes of 
opposite direction and equal magnitude. If at one instant an ion finds itself 
between the first and second tubes with the field in the right direction it will 
be accelerated into the second tube, and if the time consumed in passing 
through this tube is equal to the half period of the oscillating field, it will ar- 
rive between the second and third tubes with the field reversed in direction 
in such a manner that it will receive an additional acceleration on passing in- 
to the third tube. If the tubes are made successively longer in the proper way 
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Fig. 1. Diagram of apparatus. 


(approximately the square roots of integers times the length of the first tube), 
for any frequency of the applied oscillations there will be a corresponding vol- 
tage such as will cause the ion to move up through the series of accelerators 
in synchronism with the oscillating field, gaining between each pair of ac- 
celerators an increase in kinetic energy corresponding to the applied potential 
difference. Thus, for example, in the present experimental tube 42,000 volts 
applied to the 30 accelerators resulted in the production of ions having ki- 
netic energies corresponding approximately to 30 times 42,000 volts, i.e., 
1,260,000 volts. 


THE EXPERIMENTAL ARRANGEMENT 


The essential components of the experimental arrangement are the line of 
accelerator tubes in a suitable vacuum, an intense source of ions with focusing 
devices to draw them properly into the first of the accelerators, electrostatic 
deflecting plates in conjunction with a collector and galvanometer to select 
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out and measure the speeds of the ions, a high frequency oscillator, and a 
satisfactory vacuum system. It is perhaps well to describe these parts of the 
experimental arrangement in some detail. 


The ion source 


Because the ion beam must travel a long path of restricted cross section 
the initial focus of the beam is of an importance comparable with its inten- 
sity. The ions must start out approximately in the right direction if they are 
to succeed in passing all the way through the accelerator tubes. 

The hot cathode arc discharge was chosen as the source, not only because 
it gives a copious supply of ions at low vapor pressures, but also because of the 
circularly symmetric fields so readily obtained about circular electrodes in 
the positive ion sheath which are an important help in focusing. Without the 
arc plasma slight irregularities in the construction and position of all the elec- 
trodes in the source would have unpredictable effects upon the focus of the 
emergent ion beam. The arc has the added advantage that ions so formed 
have random velocities very small compared to that acquired in falling 
through the positive ion sheath of the electrode drawing the ions out. 

The ions are formed in a hot cathode mercury vapor discharge at 10-* mm 
of mercury pressure. The accelerating system receives positively charged 
-mercury ions from this arc by means of a negative electrode A(Fig. 1) in- 
serted into the positive column. Between this electrode and the arc is a posi- 
tive ion sheath or space charge region from which the electrons are repelled 
by the 10,000 volts negative potential of the electrode. Some of the ions from 
the arc plasma which acquire 10,000 volts velocity by falling through this 
space charge enter a hole drilled through the electrode along the principal 
axis of the accelerator system. 

The canal rays thus projected through the hole in the first electrode form 
a divergent beam, the amount of the divergence depending on the arc cur- 
rent density, the vapor pressure, and the negative potential of the electrode 
(sheath voltage) as well as the shape of the opening in the face of the elec- 
trode at the boundary of the sheath. The second electrode B, 15,000 to 20,000 
volts more negative than the first, has its end tapered to provide a suitably 
curved axially symmetric field between the electrodes which sharply focuses 
the beam into the region of the high frequency accelerators. 

These first two electrodes are each about 8 cm long with a 5 mm hole 
which, with the small opening 1 mm in diameter and 10 mm long into the are 
region, provide a pressure drop between the latter at 10-* mm of mercury 
pressure and the high frequency accelerator region which is evacuated by two 
high speed condensing and pumping systems to less than 10-> mm Hg pres- 
sure. 


The accelerating system 


The accelerator cylinders consist of short lengths of copper tubing 5 mm 
in diameter, all in line with the beam from the ion source, and supported al- 
ternately from copper bus bars above and below the group of hollow cylin- 
ders. These bars are the opposite terminals of the inductance of the oscillating 
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circuit. The lengths of the tubes increase as the square roots of integers since 
the ions gain equal increments of energy between successive accelerators, i.e., 
the velocities of the ions increase with the square root of the number of times 
they are accelerated. The lengths of the cylinders are adjusted on the basis 
of the first one having an effective length of 1 cm, the overall length of the 
30 cylinders being about 114 cm. The actual length of the cylinders is de- 
creased by the length of the insulating gap between them. 

Since the applied potential is sinusoidal the ions travel part of the dis- 
tance across the gap in fields perceptibly different from peak values. The 
shorter the gap between successive cylinders the greater is the effective poten- 
tial fall for the ions on. crossing a gap. On the other hand the gap must be 
fairly long to permit the use of high voltages, to reduce the inter-electrode 
capacity, and to give greater equality between the fields at points on and off 
the axis. 

A gap of 20 percent of the distance between centers of cylinders yields 
effectively 96 percent of the applied potential; this makes the first ten gaps 
too short to give sufficiently uniform fields, the first three even being too 
short to prevent sparking between electrodes; the necessary separations of the 
first three electrodes reduces them to mere rings. To enhance the field uni- 
formity large disks with a hole in the center of each are therefore used for the 
first few accelerators (the disk arrangement is not shown in Fig. 1). Though 
disks of this type provide greater homogeneity of the fields, an ion passing 
from one to the next in a half cycle receives only 63 percent of the maximum 


of the applied voltage. Rather than increase the voltage applied to these first 
few enough to compensate for this loss, two extra stages of these disk acceler- 
ators are added. The first ten accelerators are of this hybrid design and are 
attached to a variable loading inductance (L, Fig. 1) which makes possible 
easy adjustment of the high frequency voltage applied to them relative to the 
voltage applied to the rest of the accelerators. 


Electrostatic resolution and measurement of the ion beam 


The beam of high velocity ions emerging from the final accelerator passes 
through a slit 3 mm wide and between a pair of electrostatic deflecting plates 
20 cm long and 1 cm apart, across which are applied suitable potential dif- 
ferences to deflect the beam through an angle of 3 degrees into a line of slits 
leading to a Faraday collector as shown in Fig. 1. 

The purpose of deflecting the ion beams is two-fold; in the first place, 
electrostatic deflection of the beam in this way serves as a velocity analyzer, 
and secondly, the collector being off the line of the accelerators, the slit sys- 
tem provides essential shielding of the collector from x-rays generated in the 
accelerators and in the ion source as well as on the deflecting plates. A mag- 
netic field perpendicular to the axis of the tube deflects to the walls cathode 
rays generated along the tube, thereby preventing them from striking the de- 
flector plates and generating x-rays which would pass freely through the line 
of slits to the Faraday collector. Protected thus from all stray radiations and 
charged particles, the collector is available to locate ion beams of 10-" am- 
pere using a high resistance leak across the electrometer. Without this rela- 
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tively high current sensitivity the correct initial adjustment of focusing vol- 
tages, the discharge current, the synchronizing voltage, and phase correction 
voltage for each new frequency of the oscillator would be a difficult matter 
of chance. 


The high frequency oscillator 


A 20 Kk. W. Federal Telegraph water-cooled power oscillator tube is used 
in a self excited Hartley oscillator circuit. Working into a very low resistance 
load, the tube impedance is readily matched by connecting it across only a 
small portion of the total inductance, thus giving a greatly increased voltage 
at the terminals of the entire inductance. Applying a 60 cycle peak voltage of 
15,000 volts to the oscillator, the high frequency voltage obtained across some 
preliminary accelerator tubes was as high as 90,000 volts at 42 meters wave- 
length. Because of close spacing and dirty electrodes, the present accelerator 
tube sparks between electrodes at 45,000 volts. The high frequency voltage 
is adjusted by varying the 60 cycle voltage on the plate of the oscillator tube. 
The importance of being able to vary this voltage at will is suggested by the 
fact that changing the applied voltage 1 percent below the optimum value 
reduces the number of ions getting through the accelerating system to a few 
percent of the optimum current. 


The vacuum system 


Little difficulty is experienced in maintaining a satisfactory vacuum in the 
region of the accelerators. Two condensation pumps with large liquid air 
traps attached to the tube as indicated in Fig. 1 suffice to maintain a vacuum 


of about 10-5 mm of Hg (ionization gauge measurement) in all parts of the 
tube excepting the ion source. This pressure is low enough to give the high 
speed ions requisite free paths and to allow the application of high frequency 
voltages to the accelerators. It is found that the maximum voltage that can be 
applied is determined essentially by the condition of the surfaces of the elec- 
trodes and not by the degree of vacuum obtained. 


PRODUCTION OF AN INTENSE HIGH SPEED ION BEAM 


Proper synchronization and focus of the ion beam all along its path nat- 
urally are essential to the production of an intense beam of high speed ions. 


Synchronization 

The first requirement for synchronization of the ions with the oscillating 
field is obviously that voltages are applied to the ion source electrodes AB 
such as will cause the ions to arrive at the first accelerator tube with proper 
speeds. 

The problem of applying the correct high frequency voltages to the sev- 
eral accelerators is not a simple one. The first ten of hybrid design require a 
voltage different from that applied to the remaining stages. Moreover, though 
the remaining accelerators are attached to the same bus bars the potential 
distribution along them is not uniform, due to the distributed capacity and 
inductance; this effect depends on the frequency and cannot readily be cal- 
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culated. Even if for a given frequency and tube design the voltages on the 
accelerators were calculated, it would be difficult to estimate accurately the 
percentage of the applied sinusoidal potential effectively contributing to the 
kinetic energy of an ion crossing various shapes of gaps between accelerator 
electrodes. Indeed, this percentage is very much dependent on the distance 
from the axis of the ion path, which must remain somewhat uncertain because 
of mechanical inaccuracies of alignment. Add to this the change in potential 
distribution with operating frequencies and it becomes apparent that some 
sort of flexible adjustment must be available for empirical synchronization 
of the ions all along their paths. 

Many synchronizing devices have been considered. The simplest in prin- 
ciple is to alter the gap separations of the accelerators individually until the 
ions do experience accelerations which cause them to travel through the tube 
in synchronism. The same end would be achieved by a system for changing 
the length of each accelerator itself to correspond to the velocity of the ions 
passing through it. Such empirical mechanical adjustments would undoubt- 
edly be cumbersome; a much more feasible method is the adjustment of the 
high frequency voltage applied to the several accelerators by the introduction 
of variable loading inductances along the busses supporting the line of ac- 
celerators. 

A single loading coil (Z, Fig. 1) for the first ten accelerators has been 
found to be sufficient; a longer tube which might require several is impractical 
in a single oscillatory circuit at these high frequencies. In the present experi- 
ments, the loading coil determines the voltage on the first ten accelerators 
relative to that on the remaining stages such as to give the ions velocities 
upon entering the eleventh tube which enable them to proceed in approximate 
synchronism with the oscillations. The introduction of the loading coil in the 
first few stages has proved to be very effective for purposes of synchronization 
and, therefore, is of cardinal importance in the scheme. 

The possible variations in phase between the alternating potential and 
the velocity of the ions through the column of accelerator electrodes indicate 
the latitude of adjustment of the applied potentials. Exact synchronism oc- 
curs when the ions cross the center of each gap at the same phase angle of 
the applied sinusoidal potential. While this is the ideal case and not difficult 
to realize in practice, large deviations from this behavior will still permit 
acceleration of the ions which as a result emerge with final velocities varying 
as widely as 5 percent above or below the synchronizing value. 

With the loading inductance and the applied high frequency voltage ad- 
justed to the optimum values giving continuous synchronism of the ion beam, 
the reduction of the high frequency voltage by 2 percent practically elimi- 
nates the current of ions which have final velocities corresponding to those of 
synchronism—though several percent of the ions still get through the system 
out of synchronism and with reduced final emergent velocities. 

If now instead of decreasing the applied voltage it is increased beyond 
the value for synchronism a complex array of possible phase relations of 
velocity and frequency occur. An ion crossing the center of an accelerator 
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gap before or after the instant of maximum applied potential may still re- 
ceive sufficient energy to pass on in synchronism; indeed, it may receive more 
than this required amount and thereby its velocity becomes greater than 
that for synchronism. If this were the situation when it leaves the accelerator 
system, the ion would emerge with more energy than that acquired when 
traveling in precise synchronism. If, however, when only partly through the 
system, it gets so far ahead in phase that it crosses between accelerators be- 
fore the potential has built up to the synchronizing value, the accelerations 
will be insufficient for the ion to gain further excessive velocity and the main 
portion of the beam traveling in synchronism would soon overtake it. Thus, 
while its average velocity through the system equals that of a synchronized 
ion, due to its early excess velocity, its final velocity will be below that of the 
main group. So it is that an excessive oscillator voltage transmits ions over a 
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Fig. 2. Variation of current as ions of various velocities are deflected 
into the collector. 


greater phase angle and with a wider emergent velocity distribution, only 
slightly reducing the number acquiring the normal velocity. This spread in 
velocities is always observed experimentally. 

When the synchronism is not uniform, due to a distortion of the optimum 
potential distribution along the system, even more striking phase variations 
occur. Fig. 2 shows the variation of current as ions of various velocities are 
deflected into the collector; the ordinates are the currents to the collector 
corresponding to various deflecting voltages on the deflecting plates given by 
the abscissas. The velocity distributions for three distinct cases are shown. 
The heavy central curve is obtained with a potential distribution along the 
accelerators similar to that described in the preceding paragraph; i.e., when 
the optimum voltage is applied resulting in continuous acceleration of the 
ions. Less voltage eliminates the peak and reduces the whole curve nearly to 
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zero. More voltage on the oscillator broadens the peak and reduces it slightly 
due to the phase displacements mentioned. With the inductance loading the 
first ten accelerators increased, raising thereby the voltage applied to them, 
and with the voltage applied to the remaining accelerators lowered to an op- 
timum value giving a sharp peak in the current versus deflecting potential 
curve, it is seen that the peak (labeled+L) represents velocities below those 
for synchronism. These ions started out too fast and required less acceleration 
later on to be kept in approximate phase with the oscillations. Similarly, if 
the inductance is decreased lowering the voltage on the first set of accelerators 
and the voltage on the remaining accelerators correspondingly increased to 
bring the ions through with a sharp peak of intensity (curve labeled — L), the 
beam is found now to consist of higher velocity ions than those of synchro- 
nism. These ions fall behind in phase in the first accelerations and the higher 
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Fig. 3. Ion current plotted against deflector potential; curves 
for four different oscillator frequencies. 


voltages bring their velocities up until they are crossing the gaps at or even 
before the instant of maximum of this excessive potential, resulting in the 
excessive final velocities. 

These remarks account in a qualitative way for the larger portion of the 
ion beams. However, it is seen that the velocity distributions of the ions in 
all cases extend over a wide range and indeed for curves —L and +L there 
are subsidiary peaks. The presence of two peaks in each of these cases is 
probably to be ascribed to ions traveling through the accelerators in phases 
approximately 90 degrees apart. This remark becomes clear when it is 
realized that there are two portions of each cycle during which the ions are 
synchronously accelerated. A more detailed discussion of this matter can 
profitably be reserved for a later time. 
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In Fig. 3 are plotted ion current versus deflector potential curves for four 
different oscillator frequencies. In each case the curves represent data ob- 
tained with the loading inductance on the first ten accelerators adjusted to 
give continuous acceleration of the ions with the applied high frequency 
voltage on the remaining accelerators slightly above the optimum value, 
thereby resulting in some broadening of the peaks of the curves. Calculations 
from the deflecting voltages and geometry of the arrangements show that the 
peaks in each case correspond approximately to ion velocities corresponding 
to synchronous acceleration. Thus, the curve corresponding to the wave- 
length of 30 meters represents the production of singly charged mercury ions 
having energies in excess of 1,260,000 volts. It will be noticed that as the 
frequency is increased and the voltage and velocities are higher, the maxi- 
mum ion currents are also greater. This may be attributed to the decreasing 
relative magnitude of random velocities and the ever present space charge 
repulsion forces and other stray fields compared to the focusing action of the 
applied electric fields. This matter of focusing is discussed more fully below. 

The above considerations make it evident that if the applied sinusoidal 
voltage has a peak value somewhat in excess of that corresponding to syn- 
chronization of the ions with the frequency used, a quite appreciable portion 
of the cycle is effective. It is partly for this reason that this method is capable 
of producing relatively large high speed ion currents. 


Focusing the ion beam 


In considering the experimental arrangement one is inclined to the belief 
that it is not capable of yielding relatively intense beams of high speed ions; 
at first sight it would appear that the number of ions traversing the whole 
group of accelerators would be a very small portion of the number entering 
the first accelerator. It would seem that stray fields and space charge effects 
together with imperfect alignment of the tubes would be the cause of deflec- 
tion of most of the ions from the very restricted solid angle defined by the 
final accelerator. 

In the early stages of the experiments we were very much concerned with 
this matter of beam intensities and devoted much thought to ways and means 
of focusing the ions all along their paths through the system. The methods 
developed are quite successful, since about 10 percent of the ions starting 
through the accelerators which have the possibility of traveling through the 
system actually emerge from the final accelerator. 

The first requirement in the production of an intense beam of high speed 
ions is of course the projection into the first accelerator of a copious supply 
of ions traveling with proper velocities axially with the cylinders. This initial 
focusing adjustment is accomplished by trial and error methods, the pro- 
cedure being to raise the high frequency voltage on the accelerators slightly 
above the theoretical value for synchronism, and then to adjust the voltages 
on the ion source electrodes AB until a maximum ion current is obtained at 
the collector. 

The most important focusing occurs along the accelerators and is ac- 
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complished quite automatically by the curved electric fields between ad- 
jacent cylindrical accelerators. An ion crossing the gap between the tubes in 
synchronism receives an acceleration in towards the axis during the first 
half of the distance from the inside of one cylinder to the inside of the other, 
and an approximately equal outward acceleration during the remaining half 
of the gap length. In first approximation, the net result is a displacement of 
the ion towards the axis of the cylinders. Because the ion traverses the second 
half of the gap in a slightly shorter time than it does the first half, the inward 
velocity component gained in the first half is not quite overcome in the second 
half, and therefore, the ion retains a slight inward component of velocity as a 
result of crossing the gap. An ion slightly out of phase with the oscillations 
may gain a much greater component of velocity at right angles to the line of 
accelerators. For example, if the ion arrives at the center of the gap after the 
peak of the oscillations, then during the second half of its course across the 
gap the average outward component of the electric field is smaller than the 
corresponding inward component during the first half of the path across the 
gap, and hence the inward velocity gained in the first half is not neutralized 
in the second half. This effect is a rather important one and makes it desirable 
to use applied high frequency voltages with peak values not too greatly in ex- 
cess of that corresponding to resonance. 

This focusing action of the curved fields between accelerators has proved 
to be highly efficacious; it appears that the decrease of intensity of the beam 
due to imperfect focus through the accelerators is really insignificant in the 
case of the 30 accelerators of the present experiments, suggesting that many 
more accelerators may be incorporated without appreciable loss in beam in- 
tensity. 


DISCUSSION 


This method is most conveniently used in the production of high speed 
heavy ions because the heavier ions travel slower and, consequently, require 
shorter accelerating systems. For a given kinetic energy, the speeds of ions 
vary inversely as the square roots of their masses. For a given oscillating 
frequency, the required length of the accelerating system is proportional to 
the ion speeds. It follows that for ions of atomic weight 22 an accelerating 
system must be three times as long as that required for mercury ions to pro- 
duce the same kinetic energies. This increase in length is not excessive, and 
therefore it may be concluded that the method is applicable to the majority 
of ions. 

The present experimental development has achieved one of the objectives 
outlined in the introduction, namely, the production of ions having energies 
of the order of magnitude of one million volt-electrons without the use of 
cumbersome high voltage equipment and with considerable experimental 
convenience. It is interesting to inquire to what extent the present work has 
progressed along the road to the other goal, i.e., the production of 10,000,000 
volt ions, 

To reach higher energies in this way, it is clearly necessary either to in- 
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crease correspondingly the high frequency voltages at shorter wave-lengths 
applied to the accelerators or increase the number of accelerators. From ex- 
perience with the present tube it seems that the voltage on the accelerators 
cannot conveniently be increased by more than a factor of two and, conse- 
quently, the region of 10,000,000 volts can be attained only by increasing the 
number of accelerators. 

With but one oscillatory circuit the limit to the number of accelerators 
that can be used is established by the capacity of the system. The arrange- 
ment of accelerator tubes, bus bars, leads and inductances can be improved 
considerably over that of the present arrangement; a quite considerable re- 
duction of capacity and increase in general circuit efficiency can be achieved 
by putting the inductances in the vacuum along with the accelerators. How- 
ever, these improvements can hardly decrease the capacity per accelerator 
by much more than a half. 

It is evident, therefore, that recourse must be taken to the use of several 
oscillators in parallel, each exciting a separate group of accelerators. Experi- 
ments are now under way to develop this idea. A new tube under construction 
has a longer accelerating system divided into two sections, the first 36 ac- 
celerators being driven by one radio frequency power amplifier, the next set 
of 20 accelerators being energized by another amplifier, both being excited 
by a master oscillator which thereby keeps the voltage on all accelerators in 
phase. The electrode construction is of much lower resistance and capacity 
and should withstand an applied potential of 80,000 volts at a wave-length of 
27 meters. An average current of more than 10-7 amperes of singly charged 
Hg ions should thus be produced with energies of about 4,500,000 volt- 
electrons. The use of multiply charged ions, as in the earlier work, should 
greatly increase the ion speeds obtainable. Triply charged Hg ions traversing 
the accelerating system of the tube now being built would possibly gain 
8,000,000 volt-electrons of energy. 

If these next experiments are successful, they will be regarded as strong 
evidence that the experimental limit to the obtainable ion speeds is deter- 
mined simply by the length of the tube and the number of oscillators. For 
example, it is estimated that 10,000,000 volts singly charged Hg ions would 
be produced by an accelerating system 40 feet long with 8 power amplifiers in 
parallel. 

We are much indebted to the Federal Telegraph Company through the 
courtesy of Dr. Leonard F. Fuller, Vice-President, for the loan of essential 
equipment. One of us (D. H.S.) also is grateful to the Coffin Foundation for 
the award of a fellowship. 
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ABSTRACT 


The total photoelectric emission from a strip of cobalt foil excited by the undis- 
persed radiation from a quartz mercury arc was studied during an extended outgassing 
process and after stable conditions had been reached. The sensitivity rose quickly in 
the initial period, then decreased to a stable value. A change in the long-wave limit 
consistent with the change in the sensitivity was observed. Curves are plotted show- 
ing the variation of the full arc sensitivity with temperature. At a temperature near 
850°C abrupt changes in these curves were observed. X-ray analyses seemed to indicate 
that this resulted from a structural change. The long-wave limit for cobalt which had 
been cooled suddenly from above 850°C and which was known by x-ray analysis to 
have a face-centered cubic structure was between 2967A and 3022A (4.25 +0.08 
volts). A sample which was cooled slowly from above 850°C and which was known 
from x-ray analysis to have a hexagonal close pack structure hada long-wavelimit be- 
tween 2757A and 2967A (4.12 +0.04 volts). A plot of the thermionic current as a func- 
tion of temperature indicates that there is an abrupt change in the Richardson (A) or 
(b) and perhaps both at a temperature near 850°C. 


N A previous paper! the writer presented a brief account of some studies on 

the electron emission from carefully outgassed cobalt. An interpretation 
of the results indicated that the structural change, in the case of a “gas-free” 
sample, occurred at a somewhat higher temperature than had previously 
been observed?: for a gas-filled sample. It therefore seemed wise to extend the 
observations. The present paper is a brief report including investigations of 
the following: (1) The variation of the photoelectric sensitivity and long-wave 
limit of cobalt as it undergoes a process of outgassing by extended heat treat- 
ment. (2) The effect of temperature and a structural change on the photo- 
electric sensitivity and long-wave limit. (3) The effect of the structural 
change on the thermionic emission. 


APPARATUS 


The apparatus was identical with that used in the previous work. A rib- 
bon of cobalt 0.03 mm thick, 3 mm wide, and 18 cm long was rolled from a 
sample of Kahlbaum cobalt which was known, from a chemical analysis, to 
be more than 99.9 percent pure. Tungsten leads, through which a current for 
heating the filament could be passed, served as a means of supporting the 
sample in a molybdenum collecting cylinder. Through a small window cut in 


1 Cardwell, Proc. Nat. Acad. Sci. 15, 544 (1929). 
2 Masumato, Sci. Rep. Tohoku Univ. 15, 449 (1926). 
3 Schulze, Zeits, f. tech. Physik 9, 365 (1927). 
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the central part of the cylinder, the undispersed radiation from a vertical 
Cooper-Hewitt quartz mercury arc could be focused onto the sample. A 
quartz window was sealed directly to the Pyrex tube by means of a graded 
quartz-to-Pyrex seal. Condensation of cobalt onto this window, during the 
intervals when the sample was being heated, was prevented by means of a 
magnetically controlled door over the opening in the cylinder. A Compton 
quadrant electrometer, shunted with a high resistance made of fused cupric 
oxide and soda glass, was used to measure the currents. Pressures in the early 
stages of the outgassing process were measured with a McLeod gauge and in 
the later stages with an ionization manometer. An optical pyrometer of the 
disappearing filament type served as a means of measuring the temperatures. 
However, since no very reliable emissivity data are available, the tempera- 
tures could not be very accurately determined. 


PROCEDURE 


The entire tube and gauge were baked at 525°C until the pressure became 
10-* mm of Hg or better. This usually required about 100 hours. By means 
of conduction currents the strip was then heated at temperatures which were 
very slowly increased from 700° to 1100°C. Beginning at this low temperature 
and gradually increasing to a higher one enormously increased the life of the 
filaments. Samples which were started at 1000°C lasted only a few hours. 

Frequent observations of the photoelectric sensitivity and long-wave 
limit were taken as the heat treatment progressed. The threshold frequency 
was determined by the use of absorption cells in the path of the incident light. 
Absorption limits for solutions which cut off just above and just below the 
threshold frequency were determined by using a quartz spectrograph. The 
threshold was placed between these limits. In every case the electrometer 
sensitivity was increased for these observations, and in many cases the rate- 
of-charge method was utilized. 

At intervals the sample was allowed to stand at room temperature while 
observations were taken on the change in sensitivity as gas formed on the 
surface of the cobalt. Curves of this kind are usually called “fatigue curves.” 

Finally, after a stable condition had been reached, data for the thermionic 
and photoelectric-temperature curves were taken. 


RESULTS 


The effect of heat treatment on the photoelectricemission from one partic- 
ular sample is shown in Fig. 1. This curve may be considered as typical of 
the several filaments for which readings were taken. In some cases the time 
required to reach stable conditions was less but in every case the general 
form of the outgassing curve was the same as that shown in Fig. 1. The points 
on this curve show the emission from the cold filament immediately after the 
heating current had been discontinued. At several points on the curve the 
long-wave limit has been indicated. 

In Fig. 2 are shown several fatigue curves which were taken at various 
intervals during the outgassing process. On each curve is indicated the num- 


PHOTOELECTRIC PROPERTIES OF Co 2035 


ber of hours of outgassing to which the sample had been subjected at the 
time it was taken. 
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The pressures varied a great deal during the outgassing process. In the 
initial stages of this treatment the ionization gauge showed great increases in 
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pressure while the filament was being heated. These increases became smaller 
and smaller as the outgassing progressed, and finally the pressure with the 
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specimen hot was not different from the pressure with the specimen cold. The 
final pressures obtained were 1 to 3X10-§ mm Hg. 

Data for Figs. 3, 4, 5, and 6 were taken after the sample had gone through 
the entire outgassing process, and thus after it had reached a stable condi- 
tion. 

Fig. 3* shows the change in the photoemission with the heating current 
through the sample at the time observations were made. The temperatures 
corresponding to two points have been indicated. In connection with Fig. 3 it 
is important to notice that cobalt having either of two photoelectric sensi- 
tivities may exist at room temperature. Cooling suddenly (in a fraction of a 
second) from temperatures above 850°C produced a surface having a greater 
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sensitivity (curve 1, Fig. 3) than that produced by cooling very slowly. In 
the former case the switch controlling the heating current was opened, thus 
allowing the filament to cool very rapidly. In the latter case the current was 
gradually diminished during an interval of a few minutes to a zero value by 
means of a variable external resistance. 

An x-ray analysis of a slowly cooled and a suddenly cooled sample showed 
respectively a hexagonal close-packed and a face-centered cubic structure. 
Hence curve 1 of Fig. 3 shows the variation of the photosensitivity with tem- 
perature for a sample which existed at room temperature in the face-centered 
cubic form, whereas curve 2 shows the analogous change for a sample which 


* Fig. 3 is similar to the curve published in the previous article. 
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existed at room temperature in the hexagonal close-packed form. To avoid 
confusion, points for curve 1 have not been plotted beyond a temperature 
corresponding to a heating current of 3.5 amperes. The variation from this 
point was essentially identical with that shown in curve 2. 

The photoelectric sensitivity as a function of decreasing temperatures is 
plotted in curve 3 of Fig. 3. For a detailed discussion of the time characteris- 
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tics of such a curve, the reader is referred to the preliminary report.' A set of 
curves similar to those in Fig. 3, but for a sample which was not uniform in 
thickness, is reproduced in Fig. 4. The filament on which these observations 
were made was suspended at such an angle with respect to the window that 
the radiation struck portions of both halves of the loop. When one considers 
the fact that the two halves of the loop were at different temperatures, curves 
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2 and 3 of this figure seem quite consistent with the corresponding curves in 
Fig. 3. Curve 1 is, however, slightly different in the two cases. This point will 
be discussed later. 

It was thought that the marked change in the photocurrent with tem- 
perature might be a direct result of a change in the reflecting power of the 
cobalt strip. In an effort to get some information on this point, the photo- 
current produced from the cylinder by radiation reflected from the cobalt was 
measured as a function of the temperature of the filament. To obtain such a 
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curve, it was only necessary to make the cylinder negative with respect to the 
filament. The light had already been carefully focused onto the cobalt. The 
results of this investigation are shown in Fig. 5. Obviously the large changes 
observed in the photoelectric current cannot be accounted for by a change in 
reflecting power. 

By means of absorption solutions, the threshold wave-length for hexagonal 
cobalt—produced by a slow cooling process—was found to lie between 2757A 
and 2967A. Similarly, the threshold for the face-centered cubic form—pro- 
duced by rapid cooling—was between 2967A and 3022A. Hence the work 
functions for hexagonal and face-centered cubic cobalt at room temperature 
may be placed respectively at 4.12+0.04 volts and 4.25+0.08 volts. In ob- 
taining the data for Fig. 1 the sample was in every case cooled rapidly; hence 
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the threshold indicated on that curve for the outgassed sample corresponds to 
that given above for the cubic form. 

Curves 1 and 2 of Fig. 6 show the values of the thermionic current for in- 
creasing and decreasing temperatures. The current sensitivity of the elec- 
trometer was increased approximately thirty-fold for these observations. 
However, for comparison purposes, the deflections have been reduced so that 
the scale in absolute magnitude is identical with that used in Fig. 3. It can be 
seen that the maximum thermionic current is in reality only about 1/15 of 
the maximum photocurrent. It should be stated at this point that the curves 
in Figs. 3 and 4 have been corrected for thermionic emission and therefore 
represent the net photoemission. 


DIsCUSSION 


Two things of particular interest are shown in Figs. 1 and 2. As in the case 
of platinum, molybdenum, iron, silver, and gold, the change in the photo- 
sensitivity is consistent with the shift in the long-wave limit. The fatigue 
curves are, however, rather peculiar in their behavior. In spite of the fact that 
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the photosensitivity was decreasing during the second stages of the outgassing 
process, the fatigue curves always showed a decrease in sensitivity with time 
of standing. One could account for a behavior as is shown in these fatigue 
curves by assuming that during the initial stages of the heat treatment one 
kind of gas was liberated, whereas during the second part another kind of gas 
was driven from the surface, and that always the former gas settled (per- 
haps because it had a smaller reflection coefficient) on the surface much more 
rapidly than the latter. 

Evidences for believing that metals which have undergone severe heat 
treatments in a very high vacuum are “gas-free” and thus yield results which 
are characteristic of the metals themselves have been discussed in several 
papers. Characteristics on which like arguments would be made in the case of 
cobalt are as follows: (a) The photosensitivity and long-wave limit reached 
a constant value which did not change with more heat treatment. (b) While 
in this so-called gas-free condition no fatigue could be detected during one 
hour of standing. (c) The pressures indicated by the sensitive ionization gauge 
were independent of the temperature of the filament. 

The x-ray evidence presented in this paper leads one to associate the 
abrupt changes in the photoelectric and thermionic curves at a temperature 
_ of 850°C with a crystallographic change. Quite analogous changes have been 
- reported in the case of iron‘ and tin.§ 

Cobalt has long been known to exist in two forms. The hexagonal close- 
packed, which is the normal structure at low temperatures, changes to the 
face-centered cubic form at temperatures which vary a great deal with the 
purity of the samples. Schulze? and Masumato*® studied several samples 
which showed structural changes at various temperatures between 300°C and 
600°C. They found that the temperature at which the transition occurs in- 
creases with the purity of the sample used. None of the samples for which 
they published analyses was as pure as the sample used in the present work. 
One might therefore expect this specimen to have its transition point at a 
higher temperature than any reported by them. Furthermore, it is quite possi- 
ble that the gas contained in the cobalt samples used by these workers acted 
in the same way as metallic impurities, thus further lowering the transition 
temperature observed by them. At present, this point is being investigated in 
this laboratory. It should be pointed out that the structural change for a sam- 
ple of the present cobalt which has received no outgassing occurred at about 
570°C. 

The peaks (curves 3 of Fig. 3 and 2 of Fig. 6) which occur as the face- 
centered cubic lattice changes to the hexagonal can be explained by assuming 
that during the transition from one crystal lattice to another there exists an 
intermediate structure which is much more sensitive both photoelectrically 
and thermionically than either of the stable crystal forms. A condition cor- 
responding to the high sensitivity observed for decreasing temperatures does 


* Cardwell, Proc. Nat. Acad. Sci. 14, 439 (1928). 
5 Goltz, Phys. Rev. 33, 373 (1929). 


2040 ALVIN B. CARDWELL 


not develop while the temperature is rising, indicating that the intermediate 
structure may be different in the two cases. 

The decrease in the sensitivity with rising temperature as shown in curve 
1 of Fig. 3, no doubt occurs as the less stable face-centered cubic cobalt, pro- 
duced by super-cooling from above 850°C, changes into the more stable hexa- 
gonal close-packed form. Since this structural change is identical with that 
for which the unusually high sensitivity was observed at a higher temperature 
(curve 3, Fig. 3), one might expect that such a peak would appear in this 
curve. Such is the case in the corresponding curve of Fig. 4. However, such 
peaks were not observed in the case of any of the other four samples investi- 
gated. 

In Fig. 4 two distinct points (near a heating current of 4.3 amperes) at 
which rather sharp changes in the sensitivity occur, are shown in both the 
increasing and decreasing temperature curves. It has already been pointed 
out that for any given heating current one loop of the filament was hotter 
than the other, and that the radiation struck both halves of the loop. The 
curves show clearly that the two sides changed at different heating currents, 
thus producing the two abrupt changes in each curve. 

The upward shift in the thermionic curve at 850°C can be accounted for 
by a change in either the A or b of Richardson’s equation. However, Richard- 
son* and DuBridge’ have pointed out that these two change together. One is 
therefore led to the conclusion that the thermionic work function for face- 
centered cubic is smaller than the work function for hexagonal cobalt. This 
conclusion is quite in agreement with the change in the photoelectric thres- 
hold which was observed. 

Although the above explanation seems quite self-consistent and satisfac- 
tory, lack of x-ray analysis of the samples while hot makes it impossible to 
state positively that the structural change occurs near 850°C. It has been 
suggested that the abrupt change at this temperature may be due to the for- 
mation or breaking down of a surface gas layer or compound. However, as 
has already been pointed out, the changes which occur in the photoelectric 
sensitivity of iron and tin, as they go through a structural change, leads one to 
believe that the change in this case is due to a crystallographic transforma- 
tion. 

In conclusion, the writer desires to express his appreciation to Dr. C. E. 
Mendenhall under whose guidance this work was done. 


6 Richardson, Proc. Roy. Soc. A91, 524 (1927). 
7 DuBridge, Proc. Nat. Acad. Sci. 30, 705 (1927). 
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ABSTRACT 


Tantalum was carefully outgassed and it’s photoelectric properties studied after 
stable conditions were reached. Heating 1000 hours at temperatures up to 2200°K pro- 
duced an apparent stable condition of the surface. Curves, showing the variation of 
the photoelectric current as a function of the temperature, are plotted for different 
wave-lengths. For wave-lengths near the threshold, there is a great increase in the 
photoemission with increasing temperature. With decreasing wave-lengths, this 
variation becomes very much smaller. Extrapolated values from the F(A) curves show 
the long-wave limit to be at 20°C, 2750A; and at 700°C, 2825A. Further heat treat- 
ment at temperatures up to 2500°K produced a final stable condition. Here again are 
plotted curves showing the variation of the photoelectric current as a function of the 
temperature for different wave-lengths. In this case, the great increase in the photo- 
electric sensitivity with temperature for wave-lengths near the threshold becomes 
smaller as the wave-lengths used decreases, finally reaching negative values for wave- 
lengths more than 300A shorter than the threshold value. Extrapolated values from 
F(A) curves taken at 293°K and 973°K show the long-wave limit at the respective 
temperatures to be 3050A and 3160A. From curves plotted according to Fowler's 
theory, the true threshold wave-lengths were found to be as follows: (1). Fortantalum 
in first apparent stable condition (average = 2742A (4.50 volts). (2). For tantalum in 
final stable condition (average) = 2974A (4.15 volts). 


N A recent paper Professor R. H. Fowler! developed a theory for the effect 

of temperature on the photoelectric sensitivity of a clean metal near the 
threshold. As a part of the experimental evidence offered in substantiation of 
the theory the writer was delighted to supply Professor Fowler with some 
data on tantalum which, although taken more than a year ago, had never 
been published. The present paper is a report of these results along with a 
description of the photoelectric and gas characteristics of the metal as it 
went through a very extensive outgassing process. 


APPARATUS 


The apparatus used in the present work was only slightly different from 
that used by numerous other investigators. A schematic diagram of the ex- 
perimental tube and ionization gauge is shown in Fig. 1. The strip to be tested 
consisted of a ribbon of tantalum 0.03 mm thick, 4 mm wide, and 18 cm long, 
suspended in the form of a loop by the tungsten leads W. C is a molybdenum 
receiving cylinder connected by means of a flexible molybdenum lead to the 
collecting electrode L. The quartz window Q is sealed directly to the Pyrex 


1 Fowler, Phys. Rev. 38, 45 (1931). 
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tube by means of a graded joint. Just opposite this window is a circular open- 
ing in the cylinder. By means of a magnetically controlled iron door this open- 
ing could be covered while the sample was being heated to high temperatures. 
This prevented the distillation of metal onto the quartz window. The insu- 
lated ring G supported by the heavy tungsten wire T was always kept at the 
same potential as C. Thus it was possible to measure only the current from 
the portion of the loop which had been subjected to a rather uniform heat 
treatment. The ionization gauge is of the general type described by Dushman 
and Found.? 

Photoelectric currents were measured by a Compton quadrant electrom- 
eter having a sensitivity of 30,000 mm per volt. A high resistance made of 


= 


L 
Fig. 1. Diagram of apparatus. 


fused soda glass and cupric oxide* was shunted across the quadrants so that 
the steady deflection method could be used. 

During a great part of the outgassing period the source of light was the 
undispersed radiation from a vertical Cooper-Hewitt quartz mercury arc. 
For a study of the characteristics during the latter part of the period, a 
Bausch and Lomb quartz single monochromator was placed between the arc 
and the tantalum sample. Mr. J. H. Dillon* had made a study of the particu- 
lar monochromator used, finding that the impurity of the dispersed radiation 
(with slit widths 0.02 mm) was not sufficient to produce appreciable errors in 


? Dushman and Found, Phys. Rev. 23, 743 (1924). 
§ Andrewes, Davies, and Horton, Proc. Roy. Soc. A117, 649 (1928). 
‘ Dillon, Phys. Rev. 38, 408 (1931), 
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the F(A) curve. The relative intensities of the mercury lines were deter- 
mined by a thermopile connected to a Leeds and Northrup low resistance 
galvanometer. 

Temperatures were measured by an optical pyrometer of the disappearing 
filament type, which had been calibrated -by observations upon the gold point 
and the palladium point. Black-body temperatures were corrected for the 
emissivity of tantalum according to data by Mendenhall and Forsythe.® 

The tantalum filaments, obtained from the Fansteel Company of North 
Chicago, were made from a very pure sample of the metal. 


PROCEDURE AND RESULTS 


The receiving cylinder was placed in an auxiliary vacuum system where 
it was heated to 900°C for five days by electronic bombardment. It was then 
transferred to the experimental tube and sealed in the vacuum system with 
the sample. The tube and gauge were then encased in an electric furnace and 
baked for 20 days at 500°C. During the last fourteen days of this interval the 
filament was heated by a conduction current at temperatures which were 
slowly increased up to 1400°C. 

At the end of this twenty-day period the furnaces were removed and the 
tube was properly shielded for photoelectric observations. The full arc sen- 
sitivity varied a great deal, and in a most irregular fashion, during the next 
few hundred hours of heat treatment. It was only after approximately 1000 
hours of heat treatment at temperatures up to 2200°K that the sample show- 
ed indications of becoming photoelectrically stable. This is, (1) no further 
change in its full are sensitivity resulted with 100 additional hours of heat 
treatment at the same temperature, and (2) during a one-hour interval no 
fatigue was observed. At this point attention should be called to the fact that, 
although the latter condition has been found up to the present to be charac- 
teristic only of surfaces which seemed to be gas-free, the surface in this case 
was not gas-free. This point will be clarified in what follows. 

While the sample was in the somewhat stable condition described above, 
the monochromator was adjusted so that a further study could be made. Fig. 
2 shows the F(A) curves for two temperatures. The extrapolated values for 
the threshold wave-length at the two temperatures have been indicated in 
the figure. A study of photoelectric sensitivity for individual lines as a func- 
tion of the temperature is shown in Fig. 3. It is quite obvious that the curves 
in Figs. 2 and 3 are entirely consistent and that an F(A) curve for any tempera- 
ture within the range covered can be plotted from the data used in obtaining 
the curves in Fig. 3. : 

After several curves, identical with those reproduced in Figs. 2 and 3, 
were taken, the temperature of the sample was increased to 2300°K. Heating 
12 hours at this temperature produced a shift in the threshold toward the red. 
Fifty hours’ additional heat treatment at temperatures up to 2500°K pro- 
duced no further change in the photoelectric characteristics. It is therefore 
believed that the metal in this condition was gas-free. 


5 Mendenhall and Forsythe, Astrophys. J. 37, 380 (1913). 
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The data for the F(A) curves in Figs. 4 and 5* were taken after the sample 
had been subjected to this severe heat treatment. In Fig. 4 the points near the 
threshold are replotted on a much larger scale just above the regular curve. 
Again the extrapolated values for the threshold frequencies have been indi- 
cated in the figures. The crossing of the high and low temperature curves 
show that the variation of the photoelectric emission with temperature is 
quite different for various individual wave-lengths. Fig. 6 brings this out 
much more clearly. 

In Fig. 5, the change in slope near the shorter wave-lengths suggests that 
the F(A) curves may be approaching a maximum value. This would be in 
agreement with the theoretical deductions of Wentzel,* Frohlich,’ and Tamm 


DEC. CURRENT 
© INC. CURRENT 
A OEC. CURRENT} 
CURRENT SEALS UP 


INC. 


PRESSURE (CM OF HG.) 
Sy 


HEATING CURRENT (AMPS. ) 
Fig. 7. Equilibrium pressure as a function of the heating current through the filament. 


12 


and Schubin® that in all cases such curves should have a maximum. Data for 
much shorter wave-lengths would be desirable to clarify this point. 
Throughout the greater part of the outgassing process the pressures un- 
derwent rather striking changes as the temperature of the filament was 
changed. Fig. 7 is a characteristic curve showing the equilibrium pressure as 
a function of the heating current through the sample. It should be pointed 
out that one complete set of the data shown graphically was taken while the 
tube and gauge were “cut off” from the pumping system by means of a mer- 
cury U-seal. Clearly, the equilibrivm pressure was identical in the two cases. 
It should also be stated that within wide limits the rapidity with which the 
heating current was changed made no difference in either the final equili- 
brium pressure or the time required to reach that pressure. Usually this 


* Fig. 5 is identical with that reproduced by Fowler. 
6 Wentzel, Sommerfeld’s Festschrift, p. 20 (1928). 

7 Frohlich, Ann. d. Physik 7, 103 (1930). 

8’ Tamm and Schubin, Zeits. f. Physik 68, 97 (1931). 
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equilibrium value was reached within an interval of 12 seconds after the heat- 
ing current was changed. In fact, in only one case was an exception to the 
above statement observed. The pressure 12 seconds after a heating current 
of 10 amperes was broken (thus allowing the sample to cool very rapidly to 
room temperature) was greater (point a, Fig. 7) than when the current was 
gradually decreased to zero during an interval of 30 seconds. When the sam- 
ple was suddenly cooled, about 3 minutes elapsed before the pressure de- 
creased to a value corresponding to that reached by the slower cooling pro- 
cess. Here again these values were practically independent of whether the U- 
seal was or was not closed. 


TaBLe I. 
emperature per unit hy og Xo unction 
°K (A) light "er 1/Ts2 Ler (A) (volts) 
intensity (Average) 
(a) Sample in first apparent stable condition (Fig. 2) 
293 2699 5.0 181.0 —9.75 —6.91 _ Theory 1 
2652 11.0 184.5 —8.96 —6.12 177.3 2750 
2537 46.0 192.5 —7.53 —4.69 _ 4.53 
2480 76.0 197.0 —6.93 —4.19 ~ Theory 2 
2376 166.0 206.0 —6.25 —3.41 179.3 2725 
973 2754 5.0 53.6 —12.15 -—8.71 _ Theory 1 
2699 14.5 54.6 —11.09 —7.65 53.5 2745 
2652 20.0 55.6 —10.75 —7.32 _ _ 4.49 
2537 59.0 58.1 —9.68 —6.24 _— Theory 2 
2480 87.0 59.4 —9.27 —5.83 _ _ 
2376 170.0 62.1 —8.62 —5.18 53.4 2750 
(b) Sample in final stable condition (Fig. 4) 
293 3022 4.5 161.5 —9.856 —7.016 _ Theory 1 
2967 28.7 164.6 —8.003 —5.163 163.0 3000 
2894 133.0 169.0 —6.470 —3.630 — 4.12 
2804 680.0 174.3 —4.838 —1.998 _ 
2652 2220.0 184.5 —3.655 — .815 _ Theory 2 
2537 2840.0 192.5 —3.409 — .569 163.5 2990 
973 3132 1.5 47.1 —13.355 —9.915 _ Theory 1 
3022 14.5 48.7 —11.086 —7.646 50.0 2942 
2967 3.0 49.7 —9.790 —6.350 —_ 4.19 
2894 137.0 50.9 —8.841 —5.401 _ 
2804 555.0 52.5 —7.442 —4.002 _ Theory 2 
2652 1780.0 55.6 —6.276 —2.836 50.0 2942 
2537 2440.0 58.1 —5.961 —2.521 _ 
(c) Sample in final stable condition (Fig. 5) 
293 3022 1.0 161.5 —11.360 —8.520 _ Theory 1 
2976 11.6 164.6 —8.909 —6.069 162.5 3005 
2894 53.2 169.0 —7.386 —4.546 _ Theory 2 4.13 
2804 120.0 174.3 —6.573 —3.733 163.0 3000 
973 3132 3 47.1 —14.965 —11.524 _ Theory 1 
3022 4.5 48.7 —12.257 —8.816 49.5 2970 4.18 
2967 20.9 49.7 —10.721 —7.281 - 
2894 $3.3 50.9 —9.748 —6.308 _ Theory 2 
2804 100.0 52.5 —9.155 —5.715 50.0 2942 


Data for the curves shown in Fig. 7 were taken after the sample had been 
outgassed 480 hours. With further heat treatment the equilibrium pressures 
became smaller and the pressure-heating current curves approached nearer 
and nearer a straight line with a zero slope. The pressure at the end of 1000 
hours of heat treatment was 10-§ mm of Hg. This corresponds to a galvano- 
meter deflection of only 1 mm. It is therefore impossible to say that the final 
pressures were absolutely independent of the temperature of the filament. A 
change of 10 to 15 percent could not have been detected. 
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Tantalum greedily absorbs hydrogen® when heated to redness, thus form- 
ing the hyride, and nitrogen’® has been found to react with it at high tem- 
peratures (up to 1200°C) forming the nitride. Consequently, there is a possi- 
bility that the minimum value of the pressure in the pressure-temperature 
curve (See Fig. 7) is a direct result of one or both of these chemical actions. 

The peculiar affinity of tantalum for hydrogen and nitrogen, and the gas 
characteristics reported herewith cast somewhat of a doubt as to the “clean- 
ness” of the surface. It is quite possible that at least one, and perhaps both, 
of the stable conditions reported herewith are characteristic of tantalum with 
a stable compound on the surface. It is hoped that the thermionic data will 
give some additional information on this point. 


APPLICATION OF FOWLER’S THEORY 


In Fowler’s paper, to which reference has already been made, the shift in 
the long-wave limit with temperature is completely accounted for by the 
change of the energy distribution of the electrons with temperature. A graph- 
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ical method is given enabling the whole of the observed points near the 

threshold for all temperatures to be used in determining the “true threshold” 

wave-length. By true threshold is meant the threshold which would be ob- 

served if the metal were at absolute zero. 
In Table I a summary of data from which such an analysis can be made is | 

given. For Fowler’s first theory the general method is as follows. First, the 


® W. von Bolton, Zeits. f. Elektrochem. 11, 47 (1905). 
10 W. Muthmann, Liebig’s Ann. 355, 62 (1907). 
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theoretical curve is plotted, then log J/7* is plotted against hvy/kT, the scales 
of the log and hy/kT being the same. The origin is then adjusted so as to 
bring as nearly as possible the observed points into coincidence with the 
theoretical curve and the points transferred to the theoretical curve. From 
the hv/kT shift the threshold frequency, vo, is calculated. Exactly the same 
procedure is followed for theory 2 except in this case 7° is replaced by T*”. 
Fig. 8 shows the curves obtained, on the basis of theory 1 as described above, 
from data taken on the metal while in both the first state of apparent sta- 
bility and the final state of stability (Figs. 2, 4, and 5). Similar curves on the 
basis of theory 2 are reproduced in Fig. 9. The values of the threshold as de- 
termined by the shift in the abscissa are shown in Table I. The values for the 
metal in the final stable state (Figs. 4 and 5) are almost identical with Dush- 
man’s'! value of 4.01 volts for the thermionic work function. In every case 
the general agreement of the actual points with the theoretical curves is quite 
good. It is interesting to note that the theory seems to hold to the same de- 
gree of accuracy for the metal in both the final state and first state of appar- 
ent stability (Figs. 2, 8 and 9). 

Fowler! discussed the change in slope which leads to the intersection of 
the curves shown in Figs. 4 and 5, but was unable to arrive at any reasonable 
explanation. The fact that both gold® and silver’ show a similar crossing, to 
a much less degree, however, leads one to believe that the effect is a normal 
one for clean metals. No crossing was observed for the metal while in its first 
apparent stable condition. There is, however, a possibility that the curves 
might have crossed had observation been made with much shorter wave- 
lengths. 

In conclusion, it is a pleasure to thank Professor Mendenhall under whose 
invaluable guidance the experiment was performed. 


1 Dushman, Phys. Rev. 25, 338 (1925). 
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ABSTRACT 


The dielectric constant of commercial nitrogen, 99 percent pure, was measured at 
pressures up to 167 atmospheres by the same electrometric method previously em- 
ployed by the writer in the determination of K for air. (K —1) was again found to vary 
directly with the pressure, at the rate of 556 10~* per atmosphere at 16.5°C, with 
the exception of an apparent slight deviation from linearity in the sense of a smaller 
rate of increase of K with P at pressures above 150 atmospheres. The greatest depar- 
ture from linearity was only of the order of the probable error, however, and is not 
considered to be definitely established. 


HE values of the dielectric constant of nitrogen herein presented were 

obtained from data secured during an investigation of the residual ioni- 
zation in the gas at high pressures. The method of measurement was pre- 
cisely the same as that described in detail in a paper! dealing with the dielec- 
tric constant of air at high pressures. 

It was mentioned in the report? of the residual ionization measurements 
that the nitrogen was only slightly more than 99 percent pure. An impurity 
of only 0.2 percent of argon and oxygen had been claimed by the company 
manufacturing the nitrogen. Local analysis of the gas actually used showed 
0.72 +0.02 percent oxygen, however, with no carbon dioxide or water vapor, 
no test for argon being made. Subsequent analysis of some of the unused 
nitrogen by the commercial concern showed the greater impurity. 

Because the temperature varied between 15.35°C and 17.5°C during the 
measurements, the observed pressures were reduced to corresponding pres- 
sures at 16.5°C rather than 18°C as in the case of the air measurements, and 
these reduced pressures are shown plotted against the resistance ratios in 
Fig. 1. 

In the case of air the resistance ratio and hence the dielectric constant 
was found to vary linearly with the pressure over the entire range of the ob- 
servations. In the case of nitrogen the linear relation is again observed at all 
pressures below 150 atmospheres. At higher pressures, however, there is an 
apparent slight deviation from the linear relation in the direction to be ex- 
pected on the basis of the departure from Boyle’s law in that region. Accord- 
ing to the experimental curve the dielectric constant of the commercial nitro- 
gen is 1.000556+ at 1 atmosphere and 16.5°C, increasing at the rate of 556 x 
10-* per atmosphere up to 150 atmospheres, above which the pressure-rate 
of increase is slightly less. The experimental curve gives the value of K = 
1.0920 at 167 atmospheres, whereas if the straight line were continued the 
value 1.0929 would be obtained. 


1 J. W. Broxon, Phys. Rev. 37, 1338 (1931). 
2 J. W. Broxon, Phys. Rev. 38, 1704 (1931). 
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In view of the discussion of the accuracy of the measurements included 
in the earlier paper it would seem that the deviation observed in the present 
instance, amounting to about one percent of (K—1) at 167 atmospheres, 
may extend only to the neighborhood of the limit of the experimental ac- 
curacy. Consequently, there is some doubt relative to the reality of the cur- 
vature at the high pressure end of the curve. It is regretted that an entirely 
independent series of observations extending to higher pressures was not im- 
mediately feasible.* However, the readings are well distributed over the 
range of the observations and the linear relation between dielectric constant 
and pressure in the region below 150 atmospheres is clearly designated. 
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Fig. 1. Resistance ratio for nitrogen. 


The relation of these observations to those of other investigators is about 
the same as in the case of air. Tangl* found the Clausius-Mossotti relation to 
hold for nitrogen at pressures up to 100 atmospheres, while Bodareu® arrived 
at a similar conclusion for the region between 87 and 226 atmospheres. At 
N.T.P., Tangl found K =1.000581 while Bodareu’s value, obtained by ex- 
trapolation, was 1.000587. If the constancy of (K—1)/P and of P/T is as- 
sumed for the region between 0°C and 16.5°C, the corresponding value yield- 
ed by the present investigation is 1.000590 for the commercial nitrogen used. 


8 Further work on the dielectric constants of gases at high pressures, including the applica- 
tion of high frequency methods, is in progress. 

* K. Tangl, Ann. d. Physik 26, 59 (1908). 

5 E. Bodareu, Accad. Lincei, Atti 22, 480 (1913). Only an abstract of this paper was 
available. 
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ABSTRACT 


The alloys of gold and iron of different compositions ranging from 0.07 to 10 per- 
cent iron by weight have been studied. It was found that the alloys containing 0.1 to 5 
percent iron are paramagnetic. Their susceptibilities decrease with rising temperature 
in a characteristic way, but do not follow either Curie’s law or Weiss’ law exactly. 
The square root of susceptibility increases linearly with the percentage of iron atoms 
added. Thus the gold-iron series does not show the same property as the nickel-copper 
alloys whose susceptibility increases with temperature in certain ranges. The behavior 
of the iron atoms in the alloy and some correlations between magnetic susceptibility, 
density and melting point are discussed. 


INTRODUCTION 


R. E. H. WILLIAMS! of this laboratory has found that alloys of nickel 

and copper in certain compositions yield paramagnetic substances, in 
which the paramagnetic susceptibility increases with increasing temperature. 
This phenomenon also appears in some pure elements such as titanium, 
chromium, rhodium, boron and one modification of solid oxygen (13° —33°K) 
but is in conflict with all theories of magnetism. Kamerlingh Onnes* has sug- 
gested that if paramagnetic atoms unite into a crystal structure, they will 
only be able to show typical paramagnetic behavior if the carriers are free to 
change their orientation, but this will be impossible if the magnetic electrons 
form the binding links which build up the stable crystal structure. Increased 
temperature, resulting in increased freedom, allows the magnetic carriers to 
change their orientation under the influence of a field to a greater extent than 
at low temperature and there may actually be an increase in paramagnetic 
susceptibility. At the same time the temperature becomes more and more 
effective in disturbing the magnetic equilibrium. An increasing or decreasing 
susceptibility will therefore be observed according to the predominating ef- 
fect. This explanation might be applicable to the nickel-copper alloys, but the 
question arises as to whether this anomalous paramagnetic phenomenon is a 
general property of alloys of ferro-magnetic and diamagnetic elements. It 
would therefore be very interesting to study other alloys of this type to de- 
termine whether this anomalous paramagnetic property appears in them 
likewise. Unfortunately there are only a few pairs of diamagnetic and ferro- 
magnetic metals which lend themselves to such investigations. One of these 
consists of gold and iron. 


1 E. H. Williams, Phys. Rev. 38, 828 (1931). 
2 E. C. Stoner, Magnetism and Atomic Structure, E. P. Dutton and Co., New York, 1926, 
p. 170. 
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EXPERIMENTAL DETAILS 


Pure gold was supplied by Baker and Company and pure iron was kindly 
furnished by Dr. T. D. Yensen of the Westinghouse Electric and Manufac- 
turing Company. The purity of the former was not guaranteed but the latter 
was believed to be the purest obtainable in this country. Gold and iron form 
homogeneous solid solutions’ in the range 0 to 15 percent iron by weight. The 
melting point of the alloy depends upon the amount of iron. It has a minimum 
of about 1040°C for an iron content of about 5 percent. Nine samples of dif- 
ferent compositions from 0.07 to 10 percent iron were prepared in an atmos- 
phere of hydrogen (which is insoluble in the alloy). In order to make the alloy 
very homogeneous the process of melting and cooling was repeated three 
times for each sampfe and the ingot was then annealed for two hours. Among 
all the alloys prepared only the 10 percent specimen changes its color from 
golden to gray. 

The magnetic susceptibility was determined with a Curie balance having 
an electric control torsion head. The apparatus was calibrated both with dis- 
tilled water and with cobalt sulphate. The latter was used as practical stand- 
ard because of its convenience in handling and since its paramagnetic sus- 
ceptibility® is accurately known. The non-uniform field was produced by a 
large Dubois magnet with two pole pieces specially designed.® It was found 
that these pole pieces gave a region of about two cm in length in which the 
product J/(6/7/6X) is practically constant, where J/ is the field strength and 
617/6X the field gradient. The value of JJ at the position of the specimen is 
about 4500 gausses. The sensitivity of the apparatus depends on the size of 
the suspension. Phosphor-bronze wire of diameter 0.0202 cm (32 B. & S.) 
gave about 20 cm deflection at a scale distance of one meter for one gram of 
water in a field of the above value. 

The furnace was such that a temperature of about 1000°C could be ob- 
tained. A chromel-alumel thermocouple was used for the temperature meas- 
urement. In order to prevent the specimen from oxidizing at high tempera- 
tures, hydrogen was passed gently into the furnace during the time of the 
experiment. The alloy did not lose its lustre after heating, thus indicating that 
oxidation was completely eliminated. 


RESULTS 


Nine alloys ranging from 0.07 to 10 percent iron by weight have been 
measured in the temperature range from 20° to 800°C. Paramagnetism be- 
gins for the alloy containing about 0.1 percent iron and continues to a point 
between 5 and 10 percent iron where it is replaced, at room temperature, by 
ferromagnetism. The paramagnetic susceptibility decreases first very rapidly 
and then slowly with rising temperature. The diamagnetic susceptibility of 
the pure gold is practically constant over the same temperature range. Its 


3G. Tammann, Zeits. f. anorg. Chem. 53, 281 (1907). 

4A. N. Guthrie and L. T. Bourland, Phys. Rev. 37, 309 (1931). 
5 E. C. Stoner, reference 2, p. 134. 

6 G. Foéx and R. Forrer, Jour. de physique [6], 7, 180 (1926). 
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value, as here measured, is —0.148X10~* at room temperature and —0.150 
x 10-* at 800°C. This checks very well with Honda’s’ results. A test on the 
variation of susceptibility with field has been made on the 5 percent alloy 
which is important in regarding this effect. It shows that its susceptibility is 
fairly constant in a wide range of field strength (300-5700 gausses). 


TABLE I. Mass susceptibilities of gold-iron alloys at room temperature. 


Percent of Fe Suscept., x X 10® | Percent of Fe Suscept., x X 10° 
0.07 —0.041 2.0 4.33 
0.085 —0.023 3.5 12.72 
0.1 +0.01 5.0 29.76 
0.5 0.559 10.0 Ferromagnetic 
1.0 1.52 


Table I gives the susceptibilities of the different alloys at room tempera- 
ture and their variation with temperature is shown in Fig. 1. In order to show 
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Fig. 1. x —T curves for gold-iron alloys. 


how the temperature-susceptibility relation deviates from Curie’s or Weiss’ 
law, a typical x~'— 7 curve is given in Fig. 2. 

Since the volume susceptibility of hydrogen is only about one six-thou- 
sandth of that of the 0.5 percent alloy, its maximum possible effect upon the 
susceptibility is negligibly small. The total error introduced due to the un- 


7 K. Honda, Ann. d. Physik [4], 32, 1027 (1910). 


2054 J. W. SHIH 


certainty of the position of the specimen in field, to the fluctuation of field 
strengths, to the inaccuracy of weighing, etc., is less than 1 percent. 


DIscUssION 
The results show that the paramagnetic susceptibility of gold-iron alloys 
decreases with increasing temperature. It changes in a characteristic way but 
it follows neither Curie’s law nor the Weiss law, exactly. Thus, the gold-iron 
alloy does not behave in the same way as the nickel-copper alloy. There is no 


sudden change of susceptibility in the neighborhood of 790° which is the Curie 
point of pure iron. It seems that the iron atoms lose their ferromagnetic pro- 
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Fig. 2. x-'—T curve for the 3.5 percent Fe alloy. 


perties in the alloy. Moreover, if the iron atoms remain in their ferromagnetic 
state only about three ten-thousandths of 1 percent of iron would be neces- 
sary to compensate completely all the diamagnetic effect of the gold. But the 
alloy remains diamagnetic until the iron content amounts to 0.1 percent. This 
fact is completely in accord with the recent quantum interaction theory® of 
ferromagnetism which deduces the fundamental mechanism of the Weiss 
molecular field from the resonance between the spinning electrons of neigh- 
boring atoms, i.e., if the iron atoms are sufficiently separated they will be- 
come nonferromagnetic. 

Another interesting result is observed if we plot (Fig. 3) the square root 
of susceptibility at different temperatures as ordinates and the percentage of 
iron atoms as abscissas. Except for the point at the lowest iron content the 
variation of x!” is linear. There is another point [(a), as indicated in Fig. 3] 


5 W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 
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corresponding to the 5 percent alloy at room temperature, far from the 
straight line. This, perhaps, is due to the possibilitY that this alloy begins to 
become ferromagnetic or it may not be so homogeneous magnetically as the 
others at the low temperature. Davies and Keeping’ found in both copper- 
magnesium and copper-antimony alloys the maximum susceptibilities which 
correspond to the eutectics. The 5 percent alloy has the lowest melting point 
and also its density suffers a greater decrease than would be expected from 


(a) 
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Fig. 3. The square root of susceptibility at different temperatures plotted 
against the percentage of iron atoms. 


the density-percentage curve (not shown). Thus, it may have a peculiarly 
high susceptibility due to its structure at room temperature, masked by the 
effect of thermal agitation at high temperature. 

In conclusion the writer wishes to express his thanks to Professor J. Kunz 
for the suggestion of the problem and discussion of the results, and also to 


Professor E. H. Williams for his valuable help in conducting this investiga- 
tion. 


® W. G. Davies and E. S. Keeping, Phil. Mag. [7], 7, 145 (1929). 
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THE POTENTIAL DUE TO A BURIED SPHEROID 


By J. H. Wess 
WILLIAMS COLLEGE 


(Received August 24, 1931) 
ABSTRACT 


A series solution of the problem dealing with the electrical potential due to a 
buried conducting spheroid under the influence of a surface point electrode is given. 
The problem is complicated by the boundary condition requiring the vanishing of the 
normal derivative of potential on the surface of the half space. This condition is satis- 
fied by placing an image spheroid in the upper half space. The problem then reduces to 
that of finding the potential due to two spheroids whose potentials react upon each 
other. The interaction of the potentials is handled analytically by means of a trans- 
formation theorem in spheroidal harmonics due to B. Datta. The method of solution 
employed leads to an infinite number of equations in an infinity of unknowns. An ap- 
proximate method for solving these equations is given. It is believed by the author 
that the inverse distance formula in spheroidal harmonics, which is derived, is new. 


HE problem of finding the potential due to a buried conducting sphere 
under the influence of a surface point electrode has been completely 
solved.! It is the purpose of the present paper to extend the solution of this 


Fig. 1. Buried and imaged spheroids. 


problem to the case of a buried spheroid. The solution here given for the ob- 
late and prolate spheroid affords, for the purpose of ore exploration, much 
greater generality than does the solution for the case of the buried sphere. 


1 J. H. Webb, Phys. Rev. 37, 292 (1931). 
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The general procedure in the present case is the same as in the former 
paper dealing with the sphere. Assume the center of a buried spheroid to be 
situated at the origin of the set of cartesian coordinates x, y, ¢ as shown in 
Fig. 1. Assume an electrode, at which a current J is being introduced, to be 
placed at the point P2(x2, ye, 32). 

As a first step toward a solution of the problem, we shall express the po- 
tential due to the electrode alone, in a series of spheroidal harmonics. The 
purpose of this is to have the potential in a suitable form for substitution in 
one of the boundary conditions over the surface of the buried spheroid. The 
desired expression is obtained by finding an expression in spheroidal har- 
monics for r~!, r being the distance from the electrode to any point P;(x, y:, 
1) in space. It is possible to express r~ in the following integral form,? 


1 1 dé 


(1) 
r Qe [(v2 — x1) + i(ye — cos 0 + — sin 8] 
and we can express the integrand in the slightly altered form, 
1 
(2) 
+ iy, cos@ + iz,sin@ x, + ty; cos @ + sin 
b b 


in which b is any quantity. Now it has been shown by Heine’ that the quan- 
tity (t—s)~' can be expressed as follows in a series of Legendre functions P,, 
and Q,,, of the first and second kind respectively, 


1 
= + (3) 


m=0 


and the expansion can be shown to be convergent when the point lies inside 
the ellipse which passes through the point ¢ and has the points +1 for its foci. 
If we identify ¢ and z with the quantities (*2+7y2 cos 0+iz2 sin 6)/b and 
(xi cos sin 6) /b respectively, we obtain for the integral (1), 


Sem Q (=) (4) 

—=— 2m On — 

r 2xb m=-0 b b 
in which X; = (x1 cos 0+iz; sin 6) and X2=(x.+iye cos sin We 
shall now express (4) in terms of spheroidal coordinates. Supposing the 
spheroids are oblate, we write 


x2 ye 

-+ -= |, (5) 


= 


2 See Whittaker and Watson, Modern Analysis, 4 Ed., p. 391. 
3 See Whittaker and Watson, Modern Analysis, 4 Ed., p. 321. 
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For oblate spheroids, b?=a?—c? is a negative quantity, hence we shall write 


b? = —k®, or k=ib. Making this substitution and also the additional ones, 
9 
= 
- (6) 
= tan My, 
we find 
x17 yi 21° 
— + p2 — =1, 
1 sl (7) 
Solving the Eqs. (7), it is readily found that 
x1 = tkiim, 
yi = — c08 $1, 
and making the further substitution 7£;=p:, we have 
x1 = komm, 
yi = + pi®)'/2(1 — cos gi, (8) 


= k(1 + — sin 


If we substitute the above values into the expression for P,,(X,/b), we find 
= P,,[— ipim — {1 — — m2} cos — 4)], 


and this is readily shown to be equal to* 


Xi 
Po (+) = | PaCion Palm) 


b 
m ! 
q=1 (m + q)! 


Similarly, it can be shown that* 


Xe 


b 
n=1 (m +72 1)! 
4 Whittaker and Watson, Modern Analysis, 4 Ed., p. 328-9. 


(m—n 
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Substituting the expressions (9) and (10) in the Eq. (4), we obtain 


+ 1) | Palio Paton) 


r —r m=0 


+2 > Pu*(m) cos q(0 — 61) fx 


| +2 (ion) cos — | do. (11) 
nal 

Eq. (11) simplifies when we carry out the indicated multiplication and in- 

tegration. Because of the limits of the integration, the only terms which yield 

anything other than zero are the constant terms (with respect to 6) and the 

terms containing products of the form 


cos — cos n(@ — ¢2), 


in which g=n. Carrying out the multiplication and integration indicated in 
Eq. (11), we find that 


1 
(2m + 1) | Pais) Pals) 


m=0 


(m + q)! 


If the spheroids are of the prolate type, we write 


| 

| 


(13) 


in which and Solving the Eqs. (13), we find 

x1 = b&im, 
— — cos gi, (14) 
= — 1)'2(1 — sin 


in which A,/b =, wi/b=m and ¢,=tan~'y,. By use of these values for x, 9, 
and z; and going through the same procedure as in the case for the oblate 
spheroids, we find for the expansion of r~ 


1 
= (2m + 1) | Pal Pale) 


q q q | 
>? + 9)! Pm(n2) cos — |. (1S) 


x 2 2 
AY? AL ou 2 AL 2 
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The Eqs. (12) and (15) bear a striking similarity to the corresponding equa- 
tion for the expansion of r~' over the surface of a sphere. The expansion in 
that case is, 


1 m+1 
> (“) | Pans) 


r m=0 \P ‘a > (m —n)! 
noi (m+n)! 
in which 7 is the distance from an external point x2, ye, 32 to a point X41, ¥1,21 
on the surface of the sphere, a is the radius of the sphere, p is the distance 
from the point x2, yo, 2 to the center of the sphere and the origin of coordi- 
nates, and 62, ¢2 and @;, ¢; are the angle coordinates of the points x2, Ve, 22 
and x), yi, 2: respectively. 
It is believed by the writer that the Eqs. (12) and (15), the expansions 
for r~', are new. We shall write these expansions, for brevity, in the following 
form, 


Pm" (u2) Cos — 6) | 


b > (2m + 1) m(ipr, 1; $1, $2), (16) 
m=0 


r 


and a similar one for Eq. (15). It is readily seen that Eq. (12) simplifies 
greatly when the point x2, ye, 32 is taken on the x axis at a distance x, =s from 
the origin. Then y.=0, =0, ip2=s/ik, n2=1, and since P,,2(1) =0, 


1 1 Ss 
= — + 1) Palins) Palm)On (17) 
r b ik 


This equation has been given by several authors previously.’ The correspond- 
ing equation for the prolate spheroidal case, for x2=s, y2=0, 22=0, is, since 
under these conditions 72=1 and &=s/b, 


1 
+ 1) (<). (18) 


Having expressed r~! in the desired form, we are now in a position to solve 
the problem at hand. Let us take the buried spheroid to be the one for which 
A; has the value Aio. Assume the spheroid to be of the oblate type, of con- 
ductivity o;, and buried at a depth h/2 from the surface in an infinite half 
space of conductivity a2. (See Fig. 1.) The potential due to the electrode alone 
is I/4aroz in which r is the distance from the electrode P2(x2, yo, 2) toany 
point P:(x, yi, 2:) and J is the current. It is desired to find the potential at 
all points in space due to the buried spheroid S. Designate by « and U the 
inside and outside potentials, respectively, due to the spheroid alone. Then 
the functions « and U must satisfy Laplace’s equation, 


A% = 0, (19) 


5 Phil. Trans. of Roy. Soc. of Lon. 224, p. 55; Amer. Jour. Math. 43, 135 (1921). 


ba 


POTENTIAL DUE TO A BURIED SPHEROID . 2061 


at all points in space, and are further subject to the conditions: 


Ou (20) 
= pe 
K apt apt apr P10 
u= U, pi = pr, (21) 
U=0, at (22) 
and 
h 
—=0, at (23) 
Ox 2 


in which U, denotes the potential due to the electrode and «x represents the 
ratio of conductivities o;/a2. The complication which arises in the solution of 
the problem is due to the boundary condition (23). In order to satisfy this 
condition, an image spheroid S; is placed in the upper half space which is also 
assumed to be filled with material of conductivity a2. Then, from symmetry, 
the normal derivative of the potential on the boundary, 


x= h/2, 
will vanish. The inclusion of this image spheroid makes it necessary to take 


into account the interaction of the potentials of the two spheroids. This can 
be readily done® by changing the boundary condition (20) so as to read 


Ou Ol’, 
— f) Pi = Pro, (24) 
Op, 
where 
U.=U.+ U; 


U; being the potential at Pi(x;, v1, s:) due to the image spheroid. A solution 
satisfying Eqs. (19) and conditions (21), (22) and (24) will be the solution of 
our problem. Laplace’s equation written in curvilinear coordinates is 


0 hy hy 0 0 hy 
( 2) + — ( — — ) | =(. (25) 
Op; \hohs Api Oni Om Ad, 
From the Eqs. (8), it is found that 


1 1+ 1 1 — 2 1 
h=— = ) h; = 
k + pr? + + mi?))'/? 


Substituting the above values in Eq. (25), we obtain Laplace’s equation in 
the form, 


Similarly for prolate spheroids, we find from Eqs. (14), 


1 1 


6 J. H. Webb, reference 1. 
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and from Eq. (25), 


Solutions of the Eqs. (26) are given in a number of places’ and are 


0.(27) 


m=0 


+ ym cos gor + Bom sin 161) Parlin) 28) 


q=1 


| Pal) 


m=(0) 

+ cos + Bim sin (29) 
q=1 

If we replace in Eq. (28) and (29) ip; by &, we shall have the solutions of Eq. 
(27). As the further treatment of the problem is identical for prolate and ob- 
late spheroids, we shall treat only the case of the oblate spheroid. By a con- 
si leration of the boundary condition (22) and in order to have the potential 
cve to the spheroid finite at points within the spheroid, a; and #,: are chosen 
as u and U, the inside and outside potentials respectively of the spheroid. The 
solution of the problem now consists in finding values for the constants 
A qm and B,,, which will make « and U’ satisfy the remaining boundary con- 

ditions. 
Eqs. (28) and (29) satisfy Laplace’s equation and condition (22). They 
will satisfy condition (21) if the constants in Eqs. (28) and (29) are related as 

follows, 


Aon’ = (30) 


b , b 

Om(ipio) Bam | Bam ipro) 
in which zpyo is the value of 7p; on the boundary of the spheroid for which 
A; =Aio. The boundary condition (23) is satisfied by means of the image 
spheroid, and is handled analytically by using, in place of (20) the revised 
| oundary condition (24), in which 


U.= Ui. 
Now since the potential U’; at points P, due to the image spheroid, is identical 
with the potential U at points P;, due to the buried spheroid, i.e., 

U(P) = U(P)), (31) 


P »(ipio) A \ (ipio) 


we can write for U,, 


U (2m + 1) m(ipi, 15 $1, 2) 
(32) 


+ E omQm(ipi) Pn(ni)+ gm COS GO; + sin Goi )Qm*(ipi) Patt | 


m=0 


7 Jeans, Electricity and Magnetism, 1908, p. 251. 
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in which D represents I/42a2, and the subscript 7 refers to image points 
P (xi, yi, 1) of Pi(xi, v1, 21). The second member of Eq. (32) can be expressed 
in terms of the variables (ipi, 7, $1), as desired, by means of the following 
transformation theorem due to B. Datta,* 


cos 
= (m+ q)! (k — 9)! 


= —(2k + 1 
kaq (mM — + q)! 


k=q 


w(k, m)Px*(ips)Px*(m) cos gor 


(33) 


where 
2”m! o™ p”™ gmt? 
w(k, m) = (—)"———_ 
(2m + 1)! ot™ = =2(2m + 3) atm? 
gomt4 


2-4(2m + 3)(2m + 5) otm*4 jou, (34) 


in which p=0;/b=1, and t=h/b. The expression for w(k, m) can be written 
more simply® 


1/2 
X Qult) = La), 


where D=0/01. 
If we substitute the value of 
cos 


from the Eq. (33) in Eq. (32), we find 


De 
b (2m + m( URE) $1, Ne, 2) 
(35) 


+ Om > + gm COS + Bam sin 


m=0 k=0 q=1 k=q 


Since for the determinations of the constants A,,, and B,, we shall equate 


coefficients of like tesseral harmonics, 
cos 

sin qo, 


after the substitution in the boundary Eq. (24), it is convenient to rearrange 
the terms in the triple series of the second member of Eq. (35) in such a way 
that the tesseral harmonics will be summed by the index m. This rearrange- 


8 B. Datta, Tohoku Math. Journ. 15, 166 (1919.) 
® J. W. Nicholson, Phil. Trans. Roy. Soc. Lon. 224, 311. 
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ment can be effected by simply interchanging the indices m and k, such a 
process being justifiable since the series is absolutely convergent. Hence, we 
have, 


U.=— > (2m + 1)Wn(ipi, m1, ips, n2, 


+ + Y(Age cos qo: + Bye sin qo) (36) 
m=0 k=0 q=1 k=q 

If now the values of wu, U and U, be substituted in Eq. (24) p: set equal to pio 

and coefficients of like tesseral harmonics, P»‘(m1) cos gd: and P,.“(m) sin 

ggi, be equated, the following sets of linear equations, for the determinations 

of the constants, result: 


Aomotom = Kom — >A ord mor, (m 


0, 1, 2: 2), 
A = | A (q 1, 2 2), (m = q; q + 2), (37) 
= M om (q 1, 2 ‘ (m = 4,49 + 1, 
in which 
1 
Qym = kK — 
k—1 Pn (ipr0)Qm(ipro) 
4D (m — q)! qo 
Kan = + 1) cos go2 = M (38) 
(m + 9)! sin go: 
Bmgk sin 


Amgk = = 

Pm*(m1) COS cos 

and where the prime indicates differentiation with respect to p;. The theory 
of the solution of the equations of type (37) has been given by various 
writers, Hill,!° von Koch," Schmidt and others. Hence the values of the 
constants can be found, and the problem is definitely solved. However, the 
general values thus determined for the constants A,» and B,,, are of little 
practical use, for they do not admit of easy numerical calculation. A method 
for approximating the values of the constants A,» and B,» is given below. 
We have 


aut 


22k +3) Jono, 


(2k + 1)! 
where t=h/b. 


0G. W. Hill, Acta Math. 8, 1 (1886). 

™ H. von Koch, Jahres Bericht der Deutschen Mathematiker Vereinigung. 22, 285-291 
(1913). 

2 E. Schmidt, Rendiconti del circolo Matematico di Palermo, 25, 53 . E. Goldschmidt, 
Wurzburg Univ. Press Series Reprint, 1912. H. Sturtz, A.G. 
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Now, 
2™m!m! b\™t! (m+ 1)(m+ 2)/ b | 
and if we neglect terms of order greater than 


(b/h)’ = (dimensions of spheroid/distance of separation)’, 
we find 


b\ 
wi, = | + 2) &) (>) 
(39) 
2(2m+3) h 
(m + 1)(m + 2) _ -(m + k + 2) b\ mtkts 
2(2k + 3) 
and on rearranging terms, 
= (— 


b\ mtk+s 1 1 


Calculating all the values of w(m, k) to this order of approximation (remem- 
bering that the indices m and k are now reversed in (34) ), we have 


= 242 0,2 =2(4) 


1/6\2 2/63 
n= #(2,0) = (5). 


Therefore, to terms of order higher than (6/h)’, we have for the determination 
of the constants A,,, and By», the equations, 


A 00 w(0, 0) | Ani w(0, 1) A o2w(0, 2) = Koo, 


(41) 


0) + Au + w(1, 1) = Kui, 
Ago5w(2, 0) + Aozao2 = Koo, 
K K Kom 
Ag3 = An = Ao» = : (42) 
Qo3 Qi1 + 3w(1, 1) Qom 
Ras K 
Qom Qi2 Qam 
Kim 
Aim = — 


Qim 
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The equations for the determination of the constants B,» can be written from 
symmetry. Because of the appearance of the factor sin g@; in the expression 
for the potential, the terms containing Bom do not occur, hence 


Mi, Mom 


By, = > Bo, 
Qi1 + 3w(1, 1) Qom 
Bi» Bon = (43) 
Bim = ’ 
Qim 


It may be seen from Eqs. (38) that the values of the constants A,,, and Bgm 
will fall off rapidly as g and m increase, and it will usually be unnecessary to 
go to higher values than four for g and m, although this will depend somewhat 
on the case at hand. Solving the first three equations of (42) for the first three 
unknowns, we find, 


loo = Koew(0, 2) 
ayo + 0) f f 

aor + w(l, 1) f 

f 


in which f = + w(0, taoow(1, 1)}. 
The value of the potential at all points in the half space, outside the buried 
spheroid, is given by the Eq. (28) plus a similar term 


m 


DA omOm(ipr’) Palma’) + gm COS + Bym Sin Pm2(m’), (45) 


m= q= 1 


which arises from the image spheroid. The value of the potential at all points 
within the buried spheroid is given by the sum of Eq. (29) and the term (45). 
The values of the constants A ,,,’ and B,»’ are given by the relation (30), and 
the values of the constants A,» and Bgm are found from the Eqs. (42), (43), 
and (44). 

At first sight, the above approximate solution for the potential may seem 
to be too crude an approximation. However, a similar solution was given for 
the case of the sphere’ and the values of the potential thereby calculated 
were compared with the values as calculated by an exact method. It was 


18 J. H. Webb, Phys. Rev. 37, 302 (1931). 
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found that the approximation there made was sufficiently good for practical 
purposes in all cases where the sphere was at a depth equal to or greater than 
three times the radius of the sphere. In the present case of the spheroid, the 
cross effect of the potentials due to the two spheriods is of the same order of 
magnitude as in the case of the sphere, and hence the approximation will be 
just as valid for cases where the spheroid is buried at a depth equal to or 
greater than three times the mean dimension of the spheroid. 

It is hoped by the writer that a further paper can be presented in the near 
future giving a numerical illustration and an investigation of the limiting ex- 
pressions obtained when very long prolate and very flat oblate spheroids are 
considered. 

In conclusion, I should like to express my sincere appreciation to Profes- 
sor Warren Weaver for reading the manuscript and for a number of helpful 
suggestions. 
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THE STABILITY OF A SINGLE FILE OF STRAIGHT VORTICES 


By ARTHUR TABER JONES 
COLLEGE 


(Received October 2, 1931) 


ABSTRACT 


An infinite number of straight vortices of equal strengths and the same sense of 
rotation are parallel and uniformly spaced in an infinite plane. If one vortex is slightly 
displaced, remaining parallel to the others, its velocity does not in general lie in a 
plane which passes through its original position. There are, however, two planes in- 
clined at 45° to the plane of the file, such that if the displacement is in one of these 
planes the vortex moves directly away from its original position, and if the displace- 
ment is in the other plane the vortex moves directly back toward its original position. 


MONG the problems which arise in the study of vortex motion certain 

questions of considerable interest have to do with the two files of vortices 
which frequently form in the wake of a moving body. The stability of such a 
“street” or “avenue” of straight vortices was examined some twenty years 
ago by Karman and Rubach!, and various other authors have dealt with re- 
lated matters. But in the literature which I have examined the only treat- 
ments I have found of the problem when the file of vortices is single instead 
of double are brief discussions in the paper by Karman and Rubach and in 
Lamb’s Hydrodynamics.’ In these treatments it is assumed that the vortices 
are straight, parallel, of equal strengths and the same sense of rotation, and 
at first are uniformly distributed in a plane. Lamb follows Karman and Ru- 
bach in assuming that the vortices are slightly displaced in a sinusoidal man- 
ner. It is then shown that the original distribution is unstable. The following 


n-2 N Net N+2 


Fig. 1. Single file of straight vortices. 


very simple treatment brings out one point which I have not found in the 
literature, and which may be of sufficient interest to make it worthy of a 
brief note. 

Consider an infinite file of uniformly spaced straight vortices, all having 
the same strength and the same sense of rotation, all perpendicular to the 
plane of the paper, and all lying in a single plane as indicated in Fig. 1. If we 
consider any one of them, say the mth from some chosen origin, we see that 
the (n+s)th and (n—s)th give to the chosen vortex equal velocities in op- 
posite senses. The vortices are therefore in equilibrium. 


! Th. v. Karman and H. Rubach, Phys. Zeits. 13, 49 (1912). 
* Horace Lamb, Hydrodynamics p. 219, Ed. 4 (1916). 
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Is the equilibrium stable? Let a single one of the vortices, say the mth, 
receive a small displacement in which it remains parallel to the other vor- 
tices. We recall that the velocity which any other vortex imparts to the given 
vortex is perpendicular to the line joining them, and decreases with their dis- 
tance apart. Thus if the displacement is to the point A in Fig. 2 it is easy to 
see that the velocity due to the (z+s)th and (m—s)th vortices will be in the 
direction of the arrow A’. Similarly a displacement to B, C, or D leads to a 
velocity in the direction of one of the arrows B’, C’, or D’. These facts sug- 
gest that if the displacement is to a position in some such plane as J;J2 the 


A “Be 


4 
4 
4 
4 


\ mt B 


¢ 
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Fig. 2. Direction of velocity of displaced vortex. 


vortex will move farther from its original position, whereas if the displace- 
ment is in some such plane as K,K; the vortex will return to its original posi- 
tion. That is, it seems likely that the vortex may be unstable for displace- 
ments along J,J2 and stable for displacements along K,Ko2. 

It is not difficult to show that these suggestions are correct, and to obtain 
the angles at which the planes J;J2 and KiK; lie. Let the x and y components 
of the displacement of the mth vortex be } and c, the x and y components of 
the velocity which the (w+s)th and (m—s)th vortices impart to the mth be 
u and v, the distance from one vortex to the next be a, and the common 
strength of all the vortices be x. Then it is easy to show’ that 


k 
u \ + \ 
2x — 6)? + (sa +b)? +c?! 


and 
sa —b sa+b 


If we neglect the squares of small quantities, these equations lead to the ex- 
tremely simple relation 


K 


v b 
It follows that the velocity is not in general directed through the undisplaced 
position of the vortex. Along the planes JiJz and K,K2, where the velocity 


3 These equations are readily obtained from the expressions that follow Eqs. (7) in art. 
154 of Lamb's Hydrodynamics, Ed. 3 or 4. 


2070 ARTHUR TABER JONES 


does prove to be thus directed, we must have u/v=b/c, and therefore, from 
the preceding equation, c= +b. That is, the planes J,J. and K,K2 make angles 
of 45° with the plane in which the vortices lay originally. 

Since this result holds for the velocity imparted by the (z+s)th and (m— 
s)th vortices it also holds for every similar pair, and therefore for the velocity 
due to all of them. The given vortex is unstable for displacements toward J, 
or Js, and it is stable for displacements toward K, or Ko. 

Cases in which a body is unstable for slight displacements in one direction 
and stable for slight displacements in some other direction are of course 
nothing new. But this particular case is an interesting one, and so far as I 
know is one that has not heretofore been described. 
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Nebular Red Shift and Universal Constants 


Hubble and Humason (Astrophys. J. 74, 43 
(1931)) confirm the linear proportionality to 
distance of “velocity displacements” in the 
spectra of extra-galactic nebulae, to a distance 
of 100 million light years. The “velocity of re- 
cession” equals 558 km ‘sec. per million par- 
secs, with an uncertainty believed no greater 
than 20 percent. The authors avoid inter- 
pretation and use the term velocity of recession 
only for convenience. 

The datum established by their observa- 
tions is that a red shift exists such that A\/\o 
is linearly proportional to distance—where Ad 
is the observed increase in the normal wave- 
length Xo of any line in the observed region of 
the spectrum. That is: 


(1) 


where x is the distance of a nebula, and // isa 
constant observationally determined as about 
538,000,000 parsecs or 1.66 X 1077 cm. 

The relativistic interpretations have tended 
to consider that H represents a new constant 
of nature, independent of previously known 
universal constants. On the hypothesis, how- 
ever, that the nebular red shift is not indica- 
tive of a true velocity of recession, but rather 
of what has been called the “fatigue” of light 
quanta which have come so far, one might 
look for a connection between H and other 
universal constants. If light is not transmitted 
perfectly through empty space, each quantum 
might be expected to lose energy in proportion 
to the distance of transmission. A lowering of 
frequency would result, presumably according 
to the exponential rule, 

vy = we (2) 
where vo is the initial and » the observed fre- 
quency. The observations to date are insuf- 
ficient to distinguish between the forms (2) 
and (1). 

The purpose of the present note is to point 


out an empirical relation between the observa- 
tional 7 and universal constants. Since H has 
the dimensions of length, the attempt to re- 
late it to universal constants must begin by 
setting up a formula applicable to a quantity 
of such dimensions. The universal constants 
may be selected from the group e, h, c, G, mo, 
Mp (symbols and values employed by R. T. 
Birge: Phys. Rev. Sup. 1, 59-62 (1929)). 
These six determine three presumably inde- 
pendent pure numbers, namely: hc/e*, or 
about 863, (e being in electrostatic units); 
e?/Gme, or 4.2210"; and Mp/mpo, or about 
1840. Let A, B, C, respectively, represent 
those numbers. Quantities having dimensions 
of length, (or other assigned dimensions) may 
be defined in various ways, as e?/moc®, h/moc, 
etc. As the ratios within such a group obvi- 
ously can be expressed in terms of A, B, C, 
it is a matter of indifference which quantity is 
taken as a base. 
Trial and error shows that 
6 
Bb _ (3) 


il’ = 
A hGmo'c 

or 1.37 cm, approximately, where is 
e? ‘moc? (or 2.81 cm) gives the simplest 
formula for an H/’ having a magnitude of the 
order of the observational / of Eq. (1). If this 
formula is physically valid the more precise 
observation of H should result in establish- 
ing a simple numerical ratio 17 /H’. The Hub- 
ble-Humason // yields the ratio 1.21—but the 
uncertainty in the observational H is at pres- 
ent too great to make profitable a precise com- 
parison. Considering the large numbers in- 
volved, the formula (3) is simpler than would 
be expected if it is assumed to represent a re- 
lationship due merely to chance. 

Joun Q. STEWART 
Princeton University Observatory, 
Princeton, New Jersey, 
November 10, 1931. 
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Regions of Reversed Magnetization in Strained Wires 


In a paper on the propagation of large 
Barkhausen discontinuities along wires,! it 
has been shown that under certain conditions 
a phase boundary could be made to move 
along a wire. The two phases separated by the 
boundary were distinguished by the direction 
of magnetization which was axial but of oppo- 
site sign. In order to obtain, propagation, the 
main field 77, to which the wire was subjected, 
had to exceed a critical value /Zo. 

By a small “stopping coil” a local field Zs 
can be produced opposing /7 and reducing the 
field in a short portion of the wire below [po. 
Two search coils are placed on opposite sides 
of the stop coil and the change in induction 
in these places is measured ballistically. When 
the propagation is started from one end, the 
coils show to what extent the wire has changed 
from phase I to phase II. If the stopping field 


coil, acts as a nucleus to start propagation 
over the rest of the wire. The shape of the 
phase boundary can be determined ballisti- 
cally as before and is that of a long and nar- 
row kernel, symmetrical with respect to its 
center. (See Fig. 1.) The same result can be 
obtained by starting the propagation from 
both ends of the wire with one stop coil in its 
center. An analysis of the resulting magnetic 
field in the boundary region agrees with the 
hypothesis that the field at the boundary 
must be Fo. 

Whereas in the former experiments the 
propagation was initiated either by artificial 
nuclei or, in the case of a spontaneous start, 
by accidental nuclei, whose shape in either 
case was unknown, we now have produced a 
nucleus whose size may be varied and whose 
shape is known, and whose behavior under 


16cm 
} Stop coils 2 


Fig. 1. 


is below a critical value, complete reversal is 
indicated in both coils. If, on the other hand, 
Hs exceeds this critical value, a change is 
only observed in the first search coil, no 
change occurring in the second coil on the 
other side of the stop coil. This shows that the 
discontinuity has been stopped and by re- 
peating the experiment with search coil I in 
different places along the wire, the part of the 
wire which has changed from phase I to phase 
II can be found. 

The “frozen” discontinuity, like the moving 
one, is cone-shaped, but its length (of the 
order of 10 cm) is smaller and depends on H. 
If now a second stopping field is applied in a 
place along the boundary region, and the first 
stopping field is removed, the tail of the 
boundary is held by the second coil. The front 
edge, however, no longer held by the first stop 


various conditions can be studied. The differ- 
ence and sum of the two values of external 
field, 7, and H2, e.g., at which a certain point 
of the boundary will start to move in opposite 
directions, presumably give a direct measure 
of 2H» and the field due to the internal phase 
respectively. 

A detailed report of these investigations 
will be published soon. 


IRVING LANGMUIR 
K. J. Sixtus 
Research Laboratory, 
General Electric Company, 
Schenectady, New York, 
October 29, 1931. 


1K. J. Sixtus and L. Tonks, Phys. Rev. 37, 
930 (1931). 
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Do Protons in the Nucleus Possess Orbital Angular Momentum? 


The most favored proposal to date as to the 
origin of nuclear spin appears to be the one in 
which a spin angular momentum of } - h/2z is 
assigned to each proton and zero spin to each 
electron. Such an assignment agrees with the 
observed data in that it gives half integral 
spin values for odd numbers of protons and 
integral spin values for even numbers of pro- 
tons. In accounting for the hyperfine structure 
splitting of energy levels in Tl, Bi and Pb, 
McLennan, McLay and Crawford (Proc. 
Roy. Soc. A133, Oct. 1931) suggest that in 
addition to a spin of } -4/2x each proton may 
be assigned an orbital angular momentum of 
h/2x. Although proton orbital motions have 
been suggested before this, McLennan, 
McLay and Crawford point out that such 
assignments give half integral resultants for 
an odd number of protons and integral re- 


In the following table, column two, I have 
listed the normal proton configuration for the 
first few elements in the periodic table, on the 
assumption that it is identical with the nor- 
mal electron configuration of that atom hav- 
ing the same number of extranuclear elec- 
trons. The S, L and J values of the lowest 
multiple term in each of these proton configu- 
rations are given in column three, and the ob- 
served nuclear spins in column four. The J 
value subscripts which give the lowest term in 
optical spectra are set in heavy type. The 
agreement between J values and the observed 
nuclear spins is quite remarkable and it seems 
unlikely that it is due purely to chance. For 
Li;, J equals 3, a resultant composed wholly 
of proton spin. Here the resultant orbital mo- 
tion of three protons is zero and the hyper- 
fine splitting factor g(/) should be the same 


TABLE I, 


Nuclear spin 


Lowest nuclear 


Element Proton config. term observed 
Hi Is 3 
He, 1s? 2s? 189 0 
Lig 1s? 2s? 2p? 0 
Li; 1s? 2s? 2p' 
Bey 1s? 2s? 
Bio 1s? 2s? 2p 

Bu ) 3s 2S} 

Cre ( ) 3s? 0 

Nu ( ) 3s? 2p? 3Po1,2 1? 

Fig ) 3s? 2p* 4s 2S) 

) 3s? 4s? 0 


sultants for an even number of protons, as 
observed. In addition to this they add that 
orbital protons may be made to give large 
splitting factors, g(J), to account for the wide 
normal hyperfine separations observed in thal- 
lium, and may be made to give negative split- 
ting factors to account for the inverted hyper- 
fine separations observed in cadmium. Re- 
gardless of the quantum conditions or the 
quantum numbers assigned to each proton, 
something corresponding to the Pauli exclusion 
principle for electrons would be expected to be in 
operation in the nucleus. Consequently if, by 
analogy with extra-nuclear electrons, we as- 
sign to each proton in addition to spin, the 
quantum numbers m and / there is then a 
possibility that a nucleus containing g protons 
might have the same configuration as that 
containing g extranuclear electrons. 


as that expected from the proton spin theory, 
a result already shown to be in quite good 
agreement with observation. Like the par- 
tially inverted *P (1s 2p) spectral term in Li IT 
and the completely inverted *P (1s 2p) term in 
helium, *P; in the Ny nucleus and *Po in the 
Oy nucleus could well lie deepest. 

Though it is difficult to say how far the 
analogy between proton configurations and 
electron configurations can be carried, it is 
highly improbable that after the first few ele- 
ments in the periodic table the order of proton 
binding would be the same as that for extra- 
nuclear electrons. The whole question of bind- 
ing energy and the stability of the nucleus, 
brought out by abundance relations, enters 
the problem at this point. 

The tabulation of Table I is not to be con- 
sidered as an explanation of nuclear structure. 
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It is given for the purpose of showing that in 
addition to proton spin another quantum 
number may be assigned to each proton and 
the result brought into agreement with ob- 
served nuclear spins. Finally (as pointed out 
by McLeinan, McLay and Crawford) the 
resultant angular momentum of the nucleus 
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can be made to account for the large positive, 
as well as negative, splitting factors. 
H. E. 
Department of Physics, 
University of California, 
Berkeley, California, 
November 13, 1930. 


The Entropies of Methane and Ammonia 


There has recently appeared in the Physical 
Review (38, 1565 (1931)), an article by D.S. 
Villars on the entropy of polyatomic mole- 
cules. In this paper, Villars applies the sym- 
metry considerations of Hund and Elert to the 
cases of methane and ammonia, and deduces 
from them the effect of symmetry and nuclear 
spin on the a priori probabilities of the various 
rotational states. Knowing these a priori 
weights, it is a simple matter to write out the 
expression for Q=L Pye and from this 


t 

to calculate the rotational entropy. The val- 
ues obtained by Villars differ from those calcu- 
lated by Giauque, Blue and Overstreet (Phys. 
Rev. 38, 196 (1931)) for methane and am- 
monia gases with the Sackur-Tetrode equa- 
tion for translational and rotational entropy, 
modified to include the effect of symmetry 
and nuclear spin. There seemed no evident 
reason why the entropy calculated by these 
two methods should not agree exactly, pro- 
vided that the gas under consideration had 
reached the limiting rotational specific heat, 
and the same molecular constants were used 
in both. Therefore we undertook to recalculate 
Villars’ results, by using his a priori probabil- 
ities in the series for Q, but evaluating Q and 
dQ/do by means of summations, instead of by 
using his approximations. Both for methane 
and ammonia, the entropy we calculated was 
identical, within 0.01 unit, with the Tetrode 
value. It is evident that Villars has made some 
error in evaluating Q and dQ/do. Moreover, 
his statement that the values of Giauque, Blue 
and Overstreet deviated from his own due to 
an inaccurate approximation on the part of 
the former, is unfounded, as we shall show. 

If we assume methane to be a regular, rigid 
tetrahedron, the rotational energy levels are 
given by the formula, 


I? 
E = ——j(j + 1). 
+ 1) 


For J, we have used the value obtained by 
Dickinson, Dillon and Rasetti (Phys. Rev. 34, 
582 (1929)) from Raman effect, 5.17 x 10-*° 


gram cm*. According to Villars, there are three 
non-combining varieties of methane, nuclear 
quintet, triplet and singlet, which result from 
the effect of nuclear spin. They are present 
in the ratio of 5:9:2 in ordinary methane. 
Therefore 
SCH, = 5/16°S, + + 2,/16'S, + Smix 
where *S, is the rotational entropy of a mole 
of the pure quintet variety, and *S, and ‘S, 
have an analogous significance. By using the 
definitions 


we have 
di 
S-=R [ mo 
da 


An evaluation of Q and dQ do by the usual 
method of calculating Boltzmann factors for 
each level and multiplying by the appropriate 
a priori weights and then summing, yields the 
following results, at 298.1°A: 


5§, = 13.28, 48, = 14.45, 'S, = 11-46. 


With the above formula, 
S,CH,(298.1°) = 516 X 13.28 + 9,16 
X 14.45 + 2/16 X 11.46 + 1.88 = 15.59. 


The Sackur-Tetrode translational entropy is 
34.27 units. The entropy of vibration has been 
calculated by Villars as 0.11 unit. The absolute 
entropy of methane is therefore 


= 15.50 + 34.27 + 0.11 
= 49.97 cal. deg. mole. 


This is in exact agreement with the value 
49.86 calculated by Giauque, Blue and Over- 
street, since they neglected the vibrational 
entropy. It differs, however, from Villars’ 
value of 50.13. 

The entropy to be used in connection with 
entropies in common use for other substances 
is the absolute entropy minus the limiting nu- 
clear spin entropy, 49.97 —R In 16=44.46. 
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The same procedure was followed in treat- 
ing ammonia. Assuming a rigid symmetrical 


pyramid as the structure of the ammonia 
molecule, the rotational energy levels are 
given by the formula: 

A 
Defining h?/8x*ART 

the rotational entropy, S,, of the symmetrical 
top is 


h? +1) 1 
+ (- 
I [ 1 1 
o, = —— |] - — 
AkT 4 A 


al al 
Oo, Oo» 


According to Villars there are two varieties 
of ammonia, nuclear quartet and doublet, 
existing in equal amounts in ordinary am- 
monia. 

For A, the moment of inertia perpendicular 
to the symmetry axis, (the one occurring 
twice), we use the value of Dickinson, Dillon 
and Rasetti (loc. cit.), 2.792 gram cm?. 
For C, the moment of inertia around the sym- 
metry axis, we use the value 3.49X10-% 
gram cm*® given by Badger (Phys. Rev. 35, 
1036 (1930)). With these constants in the two 
Q series of Villars, we obtain the following re- 
sults for the rotational entropy at 298.1°: 


4S, = 13.98 *S, = 13.98. 


Therefore S,NH;=13.98+R In 2=15.36. 
With the same vibrational frequencies se- 
lected by Villars, we obtain 0.11 unit for the 
vibrational entropy at 298.1°. Villars calcu- 
lated this to be 0.06, but made an arithmetical 
error. The Sackur-Tetrode translational en- 


J. KK. Roberts' has been the first one to 
measure the thermal expansion coefficient of 
Bismuth single crystals normal (a: ) and paral- 
lel (a)) to the principal axis in the range be- 
tween room temperature and melting point 
(272°C), in order to check the relation be- 
tween specific heats (c) and the thermal ex- 
pansion in anisotropic metal crystals pro- 
posed by Griineisen and Goens.? 

Roberts found an almost perfect constancy 
of a and a: for three Bi crystals between 
30°C and 230°C. The values obtained in this 
region were: a1 =12.0X10-* and aj=16.2 
<10-*. Above 230°C however as well as 
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tropy is 34.45. Since the nitrogen nucleus has 
a spin of one unit, we must add to the quanti- 
ties enumerated above, R In 3, to obtain the 
absolute entropy. 


Sup = 34.45 + 15.36 + 0.11 + 2.18 
= 52.10 cal. deg. mole“. 


The difference between this value and that 
of Giauque, Blue and Overstreet is exactly ac- 
counted for by the difference in the amount 
assigned to vibrational entropy and by the 
difference in the value used for C in the two 
calculations. We wish to emphasize the fact 
that the value calculated from the Tetrode 
equation is in exact agreement with the above 
value if the same constants are used. 

The absolute entropy of ammonia minus the 
limiting spin entropy is 52.10 — R In 24 =45.79. 
This is in good agreement with the experi- 
mental value 46.1, calculated by Giauque, 
Blue and Overstreet from the entropies of 
N2 and Hz, and the free energy data of Lewis 
and Randall (Thermodynamics, p. 557). 

The question as to whether the value 45.79. 
will be equal to that obtained for the entropy 
of ammonia by means of the third law of 
thermodynamics cannot be answered a priori. 
This will depend on the situation existing in 
the solid, and must be decided by experiment. 
Nevertheless, regardless of any complications 
such as rotation in the solid, and so forth, the 
value 45.79 is the one which should be used in 
thermodynamic calculations. 

D. P. 

Chemical Laboratory of the 

University of California, 
Berkeley, California, 
November 9, 1931. 


ai decreased rapidly to almost one half of 
their value at 260°, i.e., still 10° below the 
melting point of the crystal. Since Robert's 
experiments prove the effect to be reversible 
one cannot ascribe it to a plastic deformation 
of the heated crystal caused by the weight of 
the measuring device. 

In order to study this anomaly closer the 
expansion coefficient of the lattice was stud- 


1 J. K. Roberts, Proc. Roy. Soc. A106, 385 
(1924). 

2 E. Griineisen and E. Goens, Phys. Zeits. 
24, 506 (1923); Zeits. f. Physik 29, 141 (1924). 
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ied by means of x-rays. A Bragg spectrometer 
of high accuracy was used, of which the de- 
tailed description will be published soon. The 
reflected intensities of a carefully selected bis- 
muth crystal at the (111) plane were measured 
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gives the mean of the observations of Roberts 
when these are translated to Bragg angles for 
the 5th order reflection of KaMo=0.708A 
with the known lattice spacing of the (111) 
plane (D =3.945A° at 23°C). The circles give 


42't 

t Bismuth (555) 

2 | A=0.708A 

j meltin int 
50 100 50 200 250 


Temperature °C 
Fig. 1. 


as a function of temperature, with an ioniza- 
tion chamber of special design and a Hoff- 
mann electrometer. By these means it was 
possible to obtain an accuracy of the thermal 
expansion of the same order as the macro- 
scopic observations, and it thus has been pos- 
sible to decide whether or not the “decay” of 


our data obtained from the position of the 
intensity maximum of the Bragg-reflexions 
from the (111) plane of MoKa-radiation in 
the fifth order at different temperatures. (The 
diameters of the circles indicate the estimated 
error.) Although the points are more scattered 
about this curve than the accuracy of the 
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Figs. 2 and 3. 


the crystal found macroscopically is due toa measurement should permit, the quantita- 


gradual disintegration of the lattice as Roberts 


suggested. 


Fig. 1 shows the Bragg angle as a function 
of the temperature in °C. The dashed curve 


tive agreement of the average a= 16.1 


3 R. C. Hergenrother, Thesis (1931). Cali- 
fornia Institute of Technology. 


oN 
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with Roberts’ value (16.2 X10-*) is however 
surprisingly good. 

The solid line indicates the best fitting 
curve drawn through the experimental points, 
showing that @| increases with temperature 
as far as the lattice expansion is concerned. 

Special care was taken in the observations 
above 220°C where our measurements have 
shown a distinct deviation from Roberts’ 
measurements, indicating that the macro- 
scopic “decay” of the crystal is not caused by 
the lattice, since our a continues even to in- 
crease beyond 230°. 

The above relations are shown more clearly 
in Fig. 2 in which is plotted directly against 
the temperature. The dashed line is the curve 
given by Roberts which shows distinctly the 
decline of aj above 230°C. The solid line 
represents the values of a obtained from the 
solid curve of Fig. 1, i.e., the best representa- 
tion of our measurements in terms of aj. 

Since the specific heats of Bi between room- 
temperature and 700°C have been measured 
meanwhile by S. Umino‘ the validity of 
Griineisen’s postulate can be tested much 
more accurately than Roberts was able to do. 
Umino found a uniform increase in the true 
specific heats of Bi between 0° and melting 
point. Fig. 3 shows the curves obtained if the 
respective values of aj shown in Fig. 2 are 
divided by the corresponding values of c¢ 
measured by Umino. The dashed curve repre- 
sents the values of the macroscopic expansion, 
the solid line the lattice expansion. The fact 
that the latter does not show any temperature 
variation proves the validity of the postulate 
of Griineisen and Goens for the lattice ex- 
pansion parallel to the axis of Bi. The macro- 
scopic expansion however is shown to deviate 
to a much larger degree from the relation than 
can possibly be explained by Roberts’ experi- 
mental error. 


Our observations together with those of 
Roberts seem to prove that there exists a dis- 
tinct difference between the macroscopic and 
the lattice expansion. The spacing of the 
atoms in the lattice follows the a\,;,=const- 
relation up to the melting point, whereas the 
expansion of the crystal as a whole stays con- 
stant over a comparatively large region of 
temperature and begins to decline to nearly 
half its value during the last 30°-40° before 
the fusion. 

Apparently we have the deal here with a 
phenomenon hithertofore unknown, which 
may be ascribed to the existence of a second- 
ary structure in a macroscopic crystal, the 
thermal variation of which cannot be found by 
x-ray reflections due to its large parameter 
(ca. 10-* cm.)® A method however which in- 
tegrates overall thermal variations in a large 
crystal, such as the usual measurement of 
thermal expansion, is bound to obtain differ- 
ent results, in case such a substructure exists 
as was already made highly probable in the 
case of Bi. With this assumption the “decay” 
of the macroscopic expansion had to be as- 
cribed to a gradual disintegration of the secon- 
dary structure, which does not affect the crys- 
tal elements and therewith the x-ray reflec- 
tions. 

A detailed description of the methods and 
observations together with a more extended 
discussion of this effect will be published soon. 

ALEXANDER GOETZ 
R. C, HERGENROTHER 
California Institute of Technology, 
Norman Bridge Laboratory of Physics, 
Pasadena, California, 
November 3, 1931. 


4S. Umino, Sc. Rep. Tohoku Univ. 15, 604 
(1926). 
5 A. Goetz, Proc. Nat. Acad. 16, 99 (1930). 


A New Long Wave-Length Absorption Band of CS, 


In a recent paper C. R. Bailey and A. B. D. 
Cassie (Proc. Roy. Soc. Al32A, 236 (1931)) 
have reported the result of an investigation 
of the infrared spectrum of CS, with a prism 
spectrometer. They observed four bands at 
2330, 2179, 1523, and 878 cm™ of which the 
band at 1523 was found to be much the most 
intense. All bands (except one which was not 
resolved) showed a simple doublet structure 
with a mean spacing of about 13 cm. The 
Raman spectrum of CS, has also been meas- 


ured (Krishnamurti, Ind. J. Phys. 5, 109 
(1930)) and consists of two lines at 655.5 and 
795.0 cm™ of which the first was found to be 
strong and the latter weak. These data may 
be examined in the light of the selection rules 
proposed by Dennison (Rev. Mod. Phys. 3, 
297 (1931)) with the view of determining the 
form of the molecule. While the number of 
bands so far observed is few, their positions 
distinctly favor the assumption that the mole- 
cule is both linear and symmetrical, since no 
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band is observed whose frequency is equal to 
the sum or difference of any two observed 
bands. On the other hand differences between 
observed infrared bands do correspond ex- 
actly to the Raman frequencies. 

Assuming that the molecule is linear and 
symmetrical we would conclude that the 
strong band at 1523 cm™ is the active funda- 
mental v; (with the notation employed by 
Dennison, I.c. p. 292). Of the two Raman lines 
we would suppose that one should represent 
the inactive frequency »; and that the other 
is twice the active fundamental v2. From a 
paper by G. Placzek (Zeits. f. Physik 70, 84 
(1931)) on the intensity of Raman lines of 
molecules of this type it would appear very 
probable that the stronger line at 655.5 cm™ 
is the inactive fundamental. 

To test these ideas we have made a search 
for the active fundamental v, in the region of 
25u. The spectrometer used employed a re- 
flection grating of the echelette type. The 
thermopile window was of KBr. To prevent 
overlapping spectra a band of radiation from 
21 to 34u was obtained by reflection from a 
fluorite crystal. The observations were further 
freed from effects of short wave-length im- 
purity by use of a fluorite plate as shutter. The 
absorption cell, which was 3 cm long and fitted 
with lacquer film windows, contained CS, 
vapor saturated at room temperature (26°C). 

A very intense absorption band was found 
whose envelope structure could be obtained 
although the individual rotation lines were 
not resolved. The envelope possessed P, Q, 
and R branches lying at 389.4, 396.8, and 
405.8 cm™ respectively. Thus the existence 
and position of the band as well as its struc- 
ture (existence of a Q branch) are completely 
in accord with our theory. The doublet sepa- 
ration, 16.4 cm™, leads to a moment of in- 
ertia J=172X10-” and a distance between S 
atoms of 2.54 10-5 cm. These values are con- 
siderably lower than the figures obtained by 
Bailey and Cassie (J =264X10~-* and S—S 
= 3.20 cm), but it appears possible that 
our results might be the more accurate by 
reason of the larger dispersion obtainable in 
this region. 

A very important paper has appeared re- 
cently by E. Fermi (Zeits. f. Physik 71, 250 
(1931)) dealing with the Raman spectrum of 
symmetrical, linear tri-atomic molecules. 
Fermi has shown that for such molecules im- 
portant modifications must be made in the 
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existing theory when one of the frequencies 
vy, is approximately equal to twice the fre- 
quency v2. These modifications show on the 
one hand that the Raman spectrum should 
consist principally of two lines. On the other 
hand they show that the energy levels of the 
molecule may possess perturbation terms 
which are of first order in contradistinction to 
the usual theory in which the perturbations 
are always of second order. The first order per- 
turbation whose existence Fermi has pointed 
out may be shown to go over into the usual 
second order perturbation expression when 
the difference between »; and 272 is large com- 
pared with certain of the anharmonic con- 
stants. We have substituted the experimental 
values for the infrared and Raman frequencies 
of CS: into the theoretical formulae and find 
that for this case v;—2v, is sufficiently large 
so that the energy levels may be described in 
the usual manner using second order terms. 
The molecule of CO, differs from CS, in that 
v,—2v2 is very nearly zero and thus the posi- 
tions of the bands show certain anomalies 
which are however beautifully explained by 
the Fermi theory. It might be mentioned that 
the circumstance of v;=2v. does not alter the 
validity of the selection rules.’ 

Our interpretation of the CS. spectrum is 
given in Table I and agrees completely with 


TABLE I. 
Identifi- Frequency Frequency 
cation (obs.) (cale.) 
Vy 396.8 cm 
"1 655.5 
795.0 793.6 
878 867.5 
y 1523 - 
2179 2178.5 
2330 2318 


vy 


the scheme proposed by Placzek. The exact- 
ness with which the combination relations are 
obeyed is a verification of our calculation 
which showed that the energy levels of CS, 
might be described with the aid of perturba- 
tions terms of second order only. 

Davin M. DENNISON 

NORMAN WRIGHT 


Department of Physics, 
University of Michigan, 
Ann Arbor, Michigan, 
November 7, 1931. 
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Photoelectric Efficiencies in the Extreme Ultraviolet 


Measurements of the photoelectric efficien- 
cies of the extreme ultraviolet radiations of 
Ne and A have been carried out which con- 
firm earlier results' that these efficiencies are 
considerably higher than the known efficien- 
cies in the nearer ultraviolet. 

Photoelectric and energy measurements 
were made in a side arm to a tube carrying a 
positive column discharge. A quartz filter, 
movable magnetically, permitted the separa- 
tion, in the case of each rare gas, of the effects 
of the extreme ultraviolet radiations from the 
effects of the rest of the spectrum. The spec- 
tral regions so isolated are: \744A —A575A for 
Ne, and \1050A —A790A for A, approximately. 

For the energy measurements a thermopile 
was used of the absolute type devised by 
Coblentz and Emerson.? The receiver of this 
instrument as constructed was a constantan 
sheet 2.3 cm X1.8 cm 0.00063 cm mounted 
1 mm in front of the 19 hot junctions of an 
iron-constantan thermopile. A known cali- 
brating current could be passed through the 
receiver. Photoelectric currents were meas- 
ured either from the receiver itself, in which 
case all questions of reflection are eliminated, 
or from a Ni plate of the same size which 
could be moved magnetically to a position 
close in front of the receiver. In the latter case 
it can be assumed that the extreme ultraviolet 
energy absorbed by the Ni surface is approxi- 
mately the same as that absorbed by the re- 
ceiver since O’ Brien’ has shown that reflection 
coefficients are very small in the wave-length 
region here considered. The Ni plate could be 
withdrawn into a side arm for degassing pur- 
poses. An open mesh grid placed about 1 cm 
in front of the receiver served as an anode to 
collect the electrons. The receiver of the ther- 
mopile was left bright in order to decrease, 
relatively, the sensitivity to the visible and 
infrared rays. The thermopile, except for the 
front face of the receiver was completely sur- 
rounded by a Ni housing which prevented any 
radiation from entering the interior. The sensi- 
tivity of theinstrument, with the galvano- 
meter used, was of the order of 1 mm for a 
few microwatts, varying considerably, with 
the nature and pressure of the gas used. 

Experiments, showing that the emission of 
electrons by metastable atoms under circum- 
stances like the present is small compared 
with the photoelectric effect, have already 
been reported.' The details of these experi- 


ments will be given in a later paper, but it 
may be stated here that electron currents ob- 
tained from a micabacked Mo disk, mounted 
some centimeters in front of the thermopile 
of the present apparatus so that it could be 
rotated magnetically were about six times as 
great when the disk was perpendicular to the 
direction of the radiation as when the disk was 
parallel to the radiation. This showed that at 
least the main part of the currents involved 
were caused by an agent having directional 
properties and which therefore must have 
been radiation rather than metastable atoms, 
or ions and electrons diffusing in from the dis- 
charge. 

Gas pressures of the order of 0.1 mm were 
used. The gases were purified by the action of 
a mischmetal arc, and also in the case of Ne by 
circulation over charcoal in liquid air. 

In each case, energy measurements were 
made with and without the quartz filter, and 
the difference, making allowance for reflection 
at the quartz surface, was taken to be the en- 
ergy in the extreme ultraviolet. Thisdifference 
amounted to from 20 percent to 50 percent of 
the total energy absorbed. The arc was left on 
in each case only long enough (10 seconds) for 
the thermopile reading to reach an approxi- 
mate equilibrium value. The effects of heat 
rays from the glass, warmed by the discharge, 
were found to be relatively small and were al- 
lowed for. Approximate saturation photoelec- 
tric currents were measured at the same time 
as the energy. Photoelectric currents were un- 
detectable when the quartz filter was in place. 

The values found for the photoelectric ef- 
ficiencies for a Ni surface degassed by heating 
in a vacuum until considerable evaporation 
had taken place were of the order of 2 percent 
for Ne (2 electrons per hundred quanta) and 
1 percent for A. The wave-lengths of the reso- 
nance radiations were used in the calculations. 

It was found with the present and other 
apparatus that the photoelectric currents 
from Ni, Fe, constantan and graphite were 
all of the same order of magnitude and that 
in the cases of Ni, Fe, and constantan a non- 
degassed surface gave two to three times as 


1 Carl Kenty, Phys. Rev. 38, 377 (1931). 

2W. W. Coblentz and W. B. Emerson, 
Bulletin of the Bureau of Standards 12, 503 
(1915-16). 

3H. M. O'Bryan, Phys. Rev. 38, 32 (1931). 
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much current as a surface which had been well 
degassed. Thus the efficiencies found for such 
surfaces were of the order of 5 percent and 2 
percent for Ne and A respectively. 

Photoelectric currents obtained with Hg 
discharges were relatively very small and 
sufficiently in accord with the known values 
of the efficiency of the normal photoelectric 
effect in the general region of A2500A (taken 
to be of the order of 0.1 percent or 0.2 percent 
for metals like Ni.) The present results may 
also be compared with the maximum effi- 
ciencies reported for the total currents in the 
selective effect in the case of sensitive films of 
the order of 1 percent or 2 percent. 
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Preliminary experiments with He have 
yielded values of the efficiency comparable 
with those in Ne. The experimental conditions 
were not, however, as favorable in He as in 
the other cases and the evidence was not as 
clear that the action of metastable atoms was 
unimportant. 

The experiments are being continued and 
extended to surfaces of different work func- 
tions. Details will be given in a later paper. 

CARL KENTY 

Research Laboratory, 

General Electric Vapor Lamp Company, 
Hoboken, New Jersey, 
October 29, 1931. 


Zeeman Effect in Solids 


J. Becquerel,' Freed and Spedding,? and 
others have reported that the absorption lines 
of the rare earth spectra split into doublets of 
enormous separation when a magnetic field is 
applied. Both Becquerel and ourselves have 
stated that some lines under certain conditions 
resolve into more components; however, both 
emphasized that the doublets were the most 
striking facts observed. In a letter to the 
Physical Review of March 15, 1931, I an- 
nounced that all lines of the Gd*** ion spectra 
were complex in a magnetic field and that the 
doublets really consisted of several compo- 
nents, and that they appeared as doublets 
only on account of the low resolving power of 
the instrument used.* 

Since that time I have combined the prism 
from a Hilger E2 spectrograph with a large 
three-meter Hilger (ZL mounting) and ob- 
tained in effect a three-prism instrument 
which gives a dispersion of 1.3A per mm at the 
2700A band of the Gd*** ion. 

While unfortunately only three plates were 
obtained at this dispersion before it became 
necessary to have the magnet rebuilt, never- 
theless the results were so interesting that a 
report of them now seems advisable. In all 
three cases the bands between 2700A and 
2800A were photographed, the light passing 
through the crystal parallel to the b axis of the 
monoclinic GdCl;:6H,O crystal. In plates 1 
and 2 the field was parallel to the a axis, the 


* Note: J. Becquerel for some time has 
stated that many of the doublets in the case 
of other rare earths are actually quartets. It 
appears, however, from the following work 
they are really even more complex. 


fields being 17.5 and 18.5 kilograms, respec- 
tively. In plate 3 the field of 18.5 kilograms 
was parallel to the ¢ axis. 

All the lines of the bands, which were sepa- 
rated from each other so that they did not 
overlap when the field was applied, split into 
nine lines of approximately equal spacing 
with an overall separation of 16 times the nor- 
mal Larmor precession. 

The intensities of these lines varied greatly; 
In some cases the outer components were very 
intense while the inner three or five were 
barely visible, thus giving rise to an apparent 
doublet under low dispersion. In other in- 
stances the inner components were the more 
intense giving the appearance of a single, un- 
affected or slightly widened line under low dis- 
persion. Frequently the intense components 
in plates 1 and 2 were the faint ones in plate 3. 
For a few lines the nine components were in- 
tense in all three plates. 

A Paschen-Back effect was clearly discerni- 
ble in most of the lines, being small in plate 1 
and fairly pronounced in plates 2 and 3. With 
increased Paschen-Back effect the lines tended 
to widen and blur and the dissymmetries in 
intensities became very pronounced. The dis- 
symmetries in position were not so great, es- 
pecially in overall separation. They did tend 
to make the intervals between the lines more 
irregular. These irregularities in the intervals, 
with two exceptions where the lines in ques- 
tion were close together, were never greater 


1 Many papers. Leiden Comm. 1906-1931. 
* Freed and Spedding. Phys. Rev. 35, 1408 
(1930); ibid. 38, 670 (1931). 
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than 20 percent, on any of the plates inves- 
tigated. 

In the exceptions mentioned, lines 2788-9A 
and 2790-5A, while they gave the nine lines 
distinctly in plates 1 and 2 did not in plate 3. 
Also line 2790-5A did not seem to have an 
overall splitting of 16 w (w being the Larmor 
precession). However, the Paschen-Back effect 
here was pronounced so that the lines were 
badly blurred. In addition weak components 
may have been present. 

The lines upon which the splitting could be 
observed were as shown in Table I. 
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electron would have its orbit coupled strongly 
with the electric field of the crystal’ (Case II 
Bethe)* so that it could not orient in a mag- 
netic field. The magnetic moment set up by 
this orbit however would tend to couple with 
the moment of the ’F term inside and the en- 
ergy of the coupling would presumably be 
strong enough to prevent the orientation of 
this core in a magnetic field. 

The spin of the external electron, however, 
would be very loosely coupled as its resonance 
effect with the other electrons would be small 
due to the partial shielding action of the com- 


TABLE I. 
Line Plate 1 Plate 2 Plate 3 
A Field 17.5 K.G. 18.5 K.G. 18.5 K.G. 
parallel toa parallel to c 

2793 .07 9c? 9c? 9 of. 
2790 .49 9 9 9 ? blurred 
2788 .90 9 9 9 ? blurred 
2786.68 Of 90? 9c? 
2766.47 9 c.f. 9c? 
2764.29 9 9 9 of 
2745 .57 9 c.f. blurred 9c? 9 of 
2743.54 9 c.f. blurred 9c? 9 


c =center compounds 
f=faint but definitely present 


o =outside components 
?=doubtful 


In my last letter* I called attention to the 
fact that many investigators have shown the 
basic level of Gd*** ion in solids must be a 
4f°; §Sz/2 level, which is not split apart appre- 
ciably by the electric field of the crystal and 
which is free to take all orientations in a mag- 
netic field. This level would then split into 
eight equally spaced levels of 2w separation 
when a magnetic field is applied. Of course as 
Kramers* showed there would be a slight sec- 
ond order splitting due to the crystal field, 
so that the spacings would be distorted some- 
what depending on the magnitude of the ef- 
fect, but it is certainly small. 

I also pointed out that the excited level 
most probably arises from one of these elec- 
trons jumping out through the completed 5s 
and 5p shells, giving rise to a configuration 
such as the 4f°5d.t 

I showed there, that one might expect the 
six 4f electrons to couple with Russell-Saun- 
ders coupling to give a 7F term, and that the 
external electron would be coupled more 
loosely due to the partial shielding action of 
the completed 5s and 5p shells. The external 


pleted 5s 5p shells, and would be of the order 
of magnitude of the coupling energy of a single 
electron. It would therefore orient in the 


+ 4f' electrons give rise to only one octet 
term, *S7/2 as Pauli’s exclusion principle ex- 
cludes all others. Therefore, for the electron to 
remain under the influence of the shielding ef- 
fect of the completed 5s, 5p shells, it would be 
necessary for a spin to reverse itself when An 
and A/ are 0, giving rise to a sextet term. Re- 
versals such as these rarely occur in atomic 
spectra. Also the energy involved would prob- 
ably be large. 

3F. H. Spedding. Phys. Rev. 37, 777 
(1931). 

‘Kramers. Proc. Amst. Acad. 33, No. 9 
(1930). 

5 E. C. Stoner, in order to account for the 
magnetic susceptibilities of the iron group has 
suggested that the orbits are bound and only 
the spins are free to orient in a magnetic field. 
Phil. Mag. 8, 250 (1929). 


6 Bethe. Ann. d. Physik 3, 133 (1929). 
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fields obtainable in the laboratory, giving rise 
to two levels with a separation of 2. 

Bethe® has shown that in crystals the ordi- 
nary selection rule of Am = +1 does not hold, 
but that new selection rules apply which per- 
mit large jumps in m. These depend on the 
symmetry of the fields, etc., and in this case 
are rather uncertain; however, if one assumes 
all transitions are possible between the levels, 
exactly nine equally spaced lines are obtained 
with an overall separation of 16w. This is true 
regardless of the term of the upper level. 

If the magnetic field splitting becomes of 
the order of magnitude of the splitting due to 
the crystal field, then a Paschen-Back effect 
will be observed and the lines will first blur 
and then resolve into two components. Also 
if the coupling of the basic term with the crys- 
tal field is large enough so that the magnetic 
field is not strong in comparison with it, the 

_pattern will be destroyed, and thirdly, if the 
coupling energy of the spin in the upper term 
is of the same magnitude as the applied field, 
again the pattern will not be obtained. 

From the above results it seems that the 
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spin of the external electron is very weakly 
coupled with the orbit, also that the splitting 
of the basic level due to the crystal field is 
small. 

It seems probable that the excited levels of 
the rare earths are of the type ((’Fod)2)s/2, 
((7Fig)s) 9/2,7 which are split apart due to the 
various coupling of the external electron orbit 
with the field of the crystal. 

I hope shortly to resume these investiga- 
tions, studying the polarization of the lines 
and the effect of various field strength on their 
splitting. Mr. G. Nutting and myself have in- 
vestigated the effect of crystal symmetry on 
the splitting of these terms and expect to pub- 
lish the results very shortly in the Journal of 
the American Chemical Society. 

F. H. SPEDDING 

National Research Fellow in Chemistry, 

University of California, Berkeley, 
November 5, 1931. 


7 Professor R. T. Birge very kindly sug- 
gested this type of nomenclature for the terms 
in question. 


Comparison of Viscosity and Molecular Arrangement in Twenty-two 
Liquid Octyl Alcohols 


In my recent article just published (Phys. 
Rev. 38, 1575 (1931)), the values of viscosity 
for approximately 0°C were used, whereas the 
x-ray observations were taken between 20° 
and 30°C. But the rate of change of the vis- 
cosity with temperature is of approximately 
the same order of magnitude in all cases so 
that the comparison between x-ray diffraction 
and viscosity is essentially correct if regarded 
as referring to same temperature conditions. 


As a matter of fact, the comparison would be 
slightly improved by using the viscosity at 
25°C. The values of viscosity are those ob- 
tained by Bingham and Darrell (Rheology 1, 
174 (1930)). 


G. W. STEWART 
University of Iowa, 


Towa City, Iowa, 
November 5, 1931. 


Measurement of Nuclear Spin 


Hyperfine structures of spectral lines and 
alternating intensities of band spectra consti- 
tute at present the only available means of de- 
termining angular momenta of atomic nuclei. 
We wish to point out another means of finding 
nuclear spins. It is well known that the Stern 
Gerlach experiment allows one to determine 
the angular momentum of an electronic con- 
figuration. If the atom has an angular mo- 
mentum j(h/2x) there are 2j+1 lines in the 
Stern Gerlach pattern for conditions where 
the velocity of the atomic beam is sharply 
defined. It is also obvious that if the in- 
homogeneous magnetic field used in the ex- 
periment is not too strong, the coupling of the 


electrons to the nucleus will not be destroyed. 
There will now be (2j+1) (2i+1) distinct 
states in a magnetic field, where i(//27) is 
the angular momentum of the nucleus. It is 
possible, in some cases, to observe the pattern 
due to these states and to follow the transi- 
tion to the strong field condition with 27+1 
lines. 

The number of Stern-Gerlach lines observed 
in a weak field, their positions, and the mag- 
netic field strength necessary to bring about a 
partial transition to the strong field pattern 
will be seen to determine the value of the 
nuclear spin. 

As an example consider an atom in a state 
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with inner quantum number j =} and nuclear 
spin 7. The energy of the atom in a magnetic 


field is 
AW (1+ 2m + 
2 
gw ch 


where AlV is the separation between the two 
hfs components in the absence of a magnetic 
field, g is the Landé g factor for the electronic 
configuration (e.g. 2 for 2S terms), m is the 
magnetic quantum number and // is the mag- 
netic field. The force due to an inhomogeneous 
magnetic field is 


where dH//dy is the gradient of the magnetic 
field. Thus 


pag all 
For 
pee etm alt 
~ 2(1 + 2mx + dy 
For 


0, 0, —1 


m= 1, 
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-1) (6/2) 


F= (1 

(14-x2)"/2 

In a weak field the Stern-Gerlach pattern 
should consist of three lines the central one 
having twice the intensity of the two deflected 
lines. In intermediate fields there are 4 lines 
and in strong fields (complete Paschen-Back 
effect for hfs) there are only two lines both of 
which are displaced. The weak field region 
may be said to correspond to x <0.1, the inter- 
mediate to x=1, and the strong to x>3. If 
AW measured in cm™ is denoted by Av then 
H in gauss is 


H = 2.14 X 108 X (av) 


For the normal *S state of CsAv=0.30 cm™ 
and the low field region x =0.1 lies below 320 
gauss while x=3 for 9.6X10° gauss. For 
x =1/(8)'/?=0.354 the four lines will be equi- 
distant. This corresponds to a field of 
1.14X10** gauss. 

The nuclear spins of Cs and Rb are at 
present being investigated with this method 
by one of us (I. I. R.). 

G. BReIt 

I. 1. Rapti 
New York University, 
Columbia University, 
November 10, 1931. 
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BOOK REVIEWS 


Photochemistry. D. W. G. Sty_e. Pp. vii+96, figs. 9, E. P. Dutton and Company, 1931. 
Price $1.10. 


The essential facts of photochemistry are outlined fluently and clearly in this brief review. 
The first chapter consists of a short introduction to the quantum theory of light absorption, 
particularly absorption by molecules. The fundamental laws of photochemistry, typical second- 
ary chemical processes, and the dependence of the quantum yield on temperature and pressure 
are discussed in the following chapters. The final chapter is devoted to a brief survey of experi- 
mental methods. 

This book should prove very valuable to anyone who wishes to obtain a clear understanding 
of the fundamental principles of photochemistry without being forced to disentangle them from 
a mass of rather confusing experimental results. However, if it is used as an introductory text 
the student should realize that the experimental material has been carefully selected to elimi- 
nate individual complexities and to illustrate general laws. 

LIVINGSTON 
University of Minnesota 


A Monograph of Viscometry. Guy Barr. xiv+318 pp., figs. 54. Oxford University Press, 
1931. Price 30 s. 


This book is devoted almost entirely to considerations of the theory and technic of viscosity 
measurements. 

On the theoretical side the various formulae which have been proposed are considered in 
detail, each quantity is discussed in relation to the available physical knowledge and is accord- 
ingly evaluated in so far as its relationship to accuracy of measurement is concerned. 

On the technical side the precautions which must be observed if one wishes to make accu- 
rate measurements are strongly stressed. Almost every conceivable detail of technic is consid- 
ered including even such items as the maintenance of sensitivity and the accuracy of thermo- 
regulators for the temperature bath. Anyone who believes that it is relatively easy to make 
reasonably accurate measurements of absolute viscosity will certainly be disabused of that idea 
by a careful perusal of this monograph. 

Chapter I is devoted to a brief introductory statement and a short history of the develop- 
ment of viscosity measurements. The reviewer was interested to note that Poiseuille was lead 
to his classical studies by a desire to obtain some understanding of the laws governing the pas- 
sage of blood through the capillaries. The author notes that Poiseuille’s researches have been 
more fruitful than has any other biophysical investigation. 

Chapter II considers “The Viscous Flow of Fluids in Tubes,” Chapter III “Tube Visco- 
meters for Absolute Measurements” where we learned that if the length of the capillary tube 
is 20 cm the maximum radius of the capillary must not exceed 0.0268 cm and that if the length 
is decreased the radius must also be decreased (1=8.6 cm, r=0.0172 cm). It may be paren- 
thetically added that the reviewer believes that some confusion may arise from the apparent 
change of symbols in certain of the formulae, thus a denotes the radius of a right cylindrical 
capillary tube (although, is apparently sometimes used to denote tube radius) and ris in general 
used to denote the radius of a cylindrical surface coaxial with the capillary tube; on p. 20 “Q” 
denotes the “volume of liquid flowing through the tube in unit time,” on p. 21 “V” is used to 
denote “the volume of liquid discharged in time ‘t’ ”, and on page 80 “ V” is used as the symbol 
for the “volume of the measuring bulb.” It is thus difficult to follow the derivation of certain of 
the formulae and to compare one formula with another; all of which emphasizes the desirability 
of international agreement on a code of symbols used to denote physical quantities. 

The later chapters deal with (IV) Commercial Absolute Viscometers; (V) Capillary Visco- 
meters for Relative Measurements; (VI) Flow between Parallel Planes; (VII) The Transpira- 
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tion of Gases; (VIII) The Falling Sphere Method (the author notes that the tube containing the 
liquid through which the sphere is allowed to fall must have a diameter at least 20 times that 
of the falling sphere if the effect of the wall is to be eliminated and an accuracy of 0.5 percent 
secured. The ratio of these diameters also depends on the viscosity of the liquid, thus for a 
viscosity of 40 poises a “1/8 inch ball requires a fall tube 3 inches in diameter which for a 1/16 
inch ball reduces to 1 1/2 inches;)” (IX) Rotational and Oscillational Viscometers in which the 
Couette, Hatschek, Searle, Stormer and MacMichael viscometers are analyzed (no mention is 
made of the Majonnier-Doolittle viscosimeter which has been used to a certain extent in the 
dairy industry of America); (X) Miscellaneous Methods of Viscometry; (XI) The Study of 
Anomalous Systems followed by appendices which contain detailed specifications of the Red- 
wood, Saybolt and Engler viscometers; a chart to enable the interconversion of readings ob- 
tained by the use of various industrial viscometers, and viscosity-temperature tables of water 
and various concentrations of sucrose solutions. Water at 20°C is given a viscosity of 1.009 cp. 
Refined castor oil is recommended as a reference fluid for viscosities ranging from 2.31 (40°C) 
to 37.60 (5°C) poises. 

An author and a subject index close the volume. 

The reviewer was especially interested in Chapter XI, for this deals largely with the 
lyophilic colloid systems and introduces some discussion of “plasticity” in the sense of Bingham. 
It is to be regretted that the author did not devote more than 20 pages to these anomalous 
systems, but there is much food for thought in that brief discussion. 

The book is recommended to all who are interested, be it ever so little, in either the theory 
or technic of viscometry. It will be invaluable to those whose special interest lies in this field. 

R. A. GORTNER 
University of Minnesota 


Astronomy. Forest Ray Mouton. Pp. 549+xxiii, figs. 213. The Macmillan Company, 
New York, 1931. Price $3.75. 

Dr. Moulton whose several previous text books on astronomical subjects enjoyed the dis- 
tinction of becoming classics almost as soon as they appeared is to be congratulated upon the 
completion of this latest addition. As the foreword states, the “book is in no sense a revision of 
the author’s Introduction to Astronomy, but an entirely new publication.” Even the most 
casual glance will reveal that this is no ordinary text book, but a masterful summary of con- 
temporary astronomy stimulating to teacher and student alike, and an invaluable reference 
book to the research worker. 

One can heartily applaud the noble attempt made to relegate to oblivion that misnomer 
asteroids, and to reintroduce the proper term planetoids for these objects. The appended table 
of physical and astronomical constants is a particularly useful feature of the book though here 
one might regret the spurious accuracy of the astronomical unit—given to one kilometer exact — 
and the unfortunate misprint in the length of the sidereal year—16 hrs. instead of 6. A regret- 
table modesty on the part of the author has resulted in his own name being absent from the 
index while one has to search diligently before discovering the important part played by the 
author’s in the modern theories of cosmogony. It would seem a little incautious at the present 
time to class Pluto with the planetoids—after all Pluto is still some 5 magnitudes brighter 
than would be Ceres at that distance. The importance of the solar system appears overem- 
phasized since after 79 pages of introduction and descriptive remarks on the constellation 325 
pages are devoted to the solar system, and only 131 pages to the stellar universe beyond. 

Other minor criticisms and corrections are: On map I (p. 32) the precession circle should 
read pole of equator, instead of ecliptic; on p. 149 Lorentz’s name is omitted in the mention of the 
Lorentz contraction; on p. 180 the impression is given that from the moon the earth would be 
seen to rise and set instead of remaining always stationary in the sky, subject only to a small 
swaying to and fro; on p. 486 the validity of the argument using the star density near the sun 
for the estimation of the dimensions of the Milky Way system appear doubtful; on pp. 520-521 
the genitive of Dorado is Doradis instead of Doradi. 

W. J. Luyten 
University of Minnesota 


2086 BOOK REVIEWS 


The Electrical Conductivity of the Atmosphere and Its Causes. Vicror F. Hess. Trans- 
lated from the German by L. W. Codd. Pp. 204, figs. 15. D. Van Nostrand Company, New York, 
1928. Price $4.00. 

It isa great boon to students of atmospheric electricity to have this excellent volume on the 
conductivity of the atmosphere from the authoritative pen of Professor Hess. The author has 
succeeded in condensing a very large amount of information into a comparatively small volume, 
and yet has produced a book which is very easy and agreeable to read. The older methods of 
atmospheric electric measurements pertaining to conductivity are described, but the subject 
is brought upto date bya continual reference to the more detailed considerations in the light of 
which the record of such instruments must be interpreted. Even when a detailed account of more 
recent methods is not given, the author calls attention to such methods and gives the references 
where details may be found. 

In view of the fact that a very large amount of the literature of atmospheric electricity 
exists in the German language, it is particularly fortunate for English and American readers 
to have this very excellent translation by L. W. Codd of Professor Hess’ book. 

W.F.G. SWAanxn 
Bartol Research Foundation 


Das Vorkommen der Chemischen Elemente in Kosmos. Hiritp von KLuBER. Pp. 170 
+-vii, figs. 12. Barth, Leipzig, 1931. Price RM 20. 

This excellent book gives a detailed resumé of the results achieved in investigating the oc- 
currence of the chemical elements in the various parts of the universe. The chapter headings are: 
The Meteorites, The Moon, The Planets, The Comets, The Sun, The fixed Stars and Nebulae. 
The methods at the disposal of the investigator are well described and critically evaluated. The 
author lays great stress on the facts of observation and avoids as much as possible uncertain and 
controversial speculation. This book should be read by chemists and physicists; it should be ex- 


tremely valuable to astrophysicists. 
F.H. MacDovuGaLy 
University of Minnesota 


The Atomic and Molecular Forces of Chemical and Physical Interaction in Liquids and 
Gases, and Their Effects. R. D. KLEEMAN. Pp. 133+-vi, figs. 6. Taylor and Francis, London, 
1931. Price 10s. 6d. 

The author of this book has also written “A Kinetic Theory of Gases and Liquids,” select - 
ing this title, presumably, to indicate that his theory is not the kinetic theory of Maxwell and 
Boltzmann. At any rate, he seems to think that the average velocity of molecules in a liquid 
varies from one region of the liquid to another. The author starts from a very general law of 
molecular attraction expressed by means of a very indefinite equation containing a number of 
pliable constants. He deals with the attraction constants of the atoms, with intrinsic pressure, 
with the Joule-Thomson effect, with the latent heat of evaporation and with many other re- 
lated topics. In the opinion of the reviewer, most of the striking agreements obtained by the 
author between experimental data and results calculated by some equation or other are merely 
illustrations of the general principle that if an equation by means of its adjustable constants is 
made to fit a part of a mass of comparable data, it will probably do pretty well for the remainder. 
It might be added that the author evidently considers that an experiment in which a gas is 


adiabatically expanded without doing any external work is a Joule-Thomson experiment. 
F. H. MacDouGaLu 
University of Minnesota 


Mathematical and Physical Papers. Sir JosepH Larmor. Vol. I and II, Pp. 1510. Cam- 
bridge University Press, London, 1929. 

Students of mathematical physics, and particularly thsce who have occasion to trace the 
historical development of the subject during the last half centruy, will welcome the appearance 
of this admirable compilation of papers which represents the work of one of the chief leaders in 
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applied mathematics during that period. Starting with two short papers on “Planimetry on a 
Moving Plane” and “ ‘Apparently Neutral’ Equilibrium,” of the regular old-time type, sugges- 
tive of the things which delighted the hearts of the mathematicians of bygone days, we pass 
through a series of papers of increasing virility, reaching their maximum of importance in “A 
Dynamical Theory of the Electric and Luminiferous Medium,” published in three parts in the 
Philosophical Transactions of the Royal Society between the years 1894 and 1898. The maxi- 
mum is, however, a flat one, and the papers continue with undiminished interest throughout the 
period of the last thirty years, comprising the extension of the work whose basis was outlined 
in the papers on the luminiferous medium, the continual development of new points of view, 
and critical surveys associated with the progress of physics through relativity, thermodynamics 
and heat radiation, up to the quantum theories of atomic structure of the present day. 

Of the 104 papers reprinted, about 25 percent are devoted to electrodynamics in the broad- 
est sense, including electro-optics and applied phenomena. About 18 percent are devoted to 
ordinary dynamics with special attention to problems of a cosmological nature. Radiation and 
thermodynamics receive about 10 percent; pure optics, about 11 percent; pure mathematics, 
6 percent, and the remainder is devoted to miscellaneous subjects, including a number of ad- 
dresses before learned societies. However, the actual proportion of material on electrodynamics 
is much larger than is indicated by the number of papers. Thus, the three papers on “A Dy- 
namic Theory of the Electric and Luminiferous Medium” alone occupy one-fifth of the con- 
tents of the two volumes. 

At the time when Sir Joseph Larmor commenced to take an active interest in electro- 
dynamics, the work of Maxwell, although twenty years old, was still fresh in the minds of the 
mathematical physicists, as a theory of very abstract type, unintelligible to many, on account 
of mathematical difficulties, and a matter of suspicion to not a few. Even as late as 1904, Sir 
Arthur Schuster, in the preface to his famous “Theory of Optics,” writes: 


“There is at present no theory of Optics in the sense that the elastic solid theory was ac- 
cepted fifty years ago. We have abandoned that theory, and learned that the undulations of 
light are electromagnetic waves differing only in linear dimensions from the disturbances which 
are generated by oscillating electric currents or moving magnets. But so long as the character 
of the displacements which constitute the waves remains undefined we cannot pretend to have 
established a theory of light. This limitation of our knowledge, which in one sense is a retrogres- 
sion from the philosophic standpoint of the founders of the undulatory theory, is not always 
sufficiently recognized and sometimes deliberately ignored. Those who believe in the possibility 
of a mechanical conception of the universe and are not willing to abandon the methods which 
from the time of Galileo and Newton have uniformly and exclusively led to success, must look 
with the gravest concern on a growing school of scientific thought which rests content with equa- 
tions correctly representing numerical relationships between different phenomena, even though 
no precise meaning can be attached to the symbols used.” 


The work of Maxwell, founded as it was in the initial instance upon the ideas of continuous 
currents in closed rigid circuits, sought to perpetuate that idea in the most vivid possible form 
to a description of the phenomena for the more general case. In this, there arose a certain in- 
completeness which could only satisfactorily be removed by a more general formulation of the 
problem in terms of aether on the one hand and electrons on the other. Maxwell's theory did not 
develop itself to this extent. Speaking of Maxwell's work, Sir Joseph Larmor writes, in his 
“Aether and Matter:” 

“His efforts to fit the range of physical phenomena into an entirely new analytical frame, 
involving brilliant strokes of explanation diversified by abrupt transitions and unbridged 
lacunae, his essays at utilizing the analytical machinery of the older method of attractions to- 
wards the development of a new descriptive scheme that was to wholly supersede it, impart 
all the interest of nascent discovery to his ‘Treatise.’ ... yet the conception of a struggle with 
confusion —successful but unfinished—not unfitly expresses the feeling that gains strength on 
each successive survey of the ‘Treatise,’ and which mainly arises from the necessary initial im- 
perfections of a reconstruction of ideas in a vast domain in which the natural order and logical 
precision in exposition have not had time to be elaborated.” 

It fell to the lot of Larmor to take the next step in developing the dynamics of an aetherial 
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medium loaded with discreet electrons and in conjunction with Lorentz and a few others to 
bring the science of electrodynamics to the stage in which, while yet unfinished as regards its 
application to atomic phenomena, it represents the perfection of what we may call the classical 
electrodynamics of today. In his papers, we find the moulding of classical electric phenomena 
into a dynamical scheme under the general principle of least action, in such a way as to in- 
clude the electrons and the aether as joint participants in the phenomena. Then we find the de- 
velopment of the consequences of these general laws to the field of optics of dielectric phe- 
nomena, and indeed to all of those originally disconnected aspects of physics which today we 
regard as forming part of the general electron theory of matter. We also find those theorems of 
the transformation of the electromagnetic equation which, improved later in the hands of 
Lorentz, finally developed by the elimination of the electromagnetic theory itself into the rela- 
tivity equation of Einstein's restricted theory. In the subsequent papers, we see frequent re- 
turns to an attack upon the general problem of radiation, and critical discussions on the signifi- 
cance of the development of the restricted and general theory of relativity. 

The value of the collection of papers is greatly enhanced by the additions in the form of 
appendices at the end, in which comments upon the earlier papers are made. The side notes on 
the margins of each page, indicating the general trend of the discussions in the papers, are also 
of very great value, as are the author's footnotes, clarifying certain points in the original text, 
and adding, here and there, corrections whose absence might tend to confuse the reader. The 
publishers are to be congratulated upon the successful preparation of this most valuable series 
of papers, which serves to crystallize into one unit a major portion of the developments in elec- 
trodynamics and allied fields during the last half century. 

W. F. G. Swann 
Bartol Research Foundation 


Flussige Kristalle und Lebewesen. von REINHARD Brawns. Pp. 111+xi. E. Schweizer- 
bart’sche Verlagsbuchandlung, Stuttgart, 1931. Price RM 10. 


This is a new type of book. It is a collection of 172 abstracts of papers and books which 
have been published in the field of liquid crystal phenomena, the abstracts originally appearing 
in either the “Neuen Jahrbach” or in the “Centralblatt” “fiir Mineralogie Geologie und Paliion- 
tologie.” The abstracts are arranged chronologically, the first being 1881 and the last 1931. A 
subject and an author index close the volume. 

The author points out that this book is unique in that it does not represent the opinion of a 
single worker in the interpretation of liquid crystal behavior, but rather the opinions and view- 
points of the 57 authors whose papers are abstracted, accordingly it supplements the mono- 
graphs which are already a part of the literature. The book contains as a frontispiece a portrait 
of Otto Lehmann and an appreciation (p. 5—11) of his scientific work. 

As the title indicates, many of the abstracts deal with the role of liquid crystals in living 
processes. Anyone interested in the literature of liquid crystals or in double refraction phe- 
nomena will find this collection of abstracts an invaluable aid. The reviewer hopes that this 
book will be taken as a model for similar treat ment of the literature in other special fields. 

R. A. GoRTNER 
University of Minnesota 


